Sec 3.2 , 3.3

/7? /3.
I+t H ﬂw’( K are ﬁni‘feg ﬁc[yfaﬂmfo D)A 2 group then,

Hk| = 5

pref)
Think of the edllection of coset
Az dhks her]
then , K mests FaK i o BTEK and moreover, when if 1his holds bk =haK .
Simee VAEHAK. A h et halds, tho nmer o dpgint set5.n i3 Thigs

Thoehe . [He| = BEaEL

Proplt
F Hand K we sibgroup of o group, HK is & sbgrao # HI< =KHEL.
’D@ié Let heH , e lh |
(h k) (%) = id.
Tk 4
Thue, HK=KEH  holds.
) YrgeHk, 72 ckH , 977 2 hole.
X9 = 22
= (h-14) (2 24)

= 2 (Xp-2¢ -240)

E g kH =opHie = H-[<



Thus, HI 7%r/m the 5‘°b$m°‘{7 v

Corl5
/f Hoad K are mLémes o @ mol HEN@(k), then H- K 50 subérm{o +G.

Jnfﬂrﬁadar, l>“/) K486  then Hk<6’ﬁfa7 HZE6.

Proof )
WC 65‘)6):{, H £ Ne(l‘) iﬂu};/,‘(, Hk = kH .

VeeHK. Ak 2=%-b e d £Na(K) holds, 714071 .
Thus, © = k-heé ki
Swivaly. Hk 2 kH . Ths. H K fom the sdbgyup .
let K46 H<Q.
Vo, 9¢ HK
19" G- 1) (9 9% = n (5" 9 ) (9" ) !
*2h- Ze EH-K
Gee KA G, 9 (1e-97) 9n €K, we can pitk 2= G (e 9) 9%
il 2h = Ak D
Than 6. The Fivst. isomorphism theoren.
i 4 @—H is 4 homemaphion o Grups, then ber{( 4G amdl 6 feery = €(6)

f)
0/&0/}/-//" Zég” l( 74‘177}11&, jubgmaf 970 G) .

Ve ke, V9eé.



See 3.3

@G- 2-871) = Q8) - ¢a) 4
= Wg-4")
= i .
Thus, §- 28" € ter C and thorghre. ber¢ 46
. ¥ Glrerp = €(G) is a/eM/ bijective anol homomoczhism .

Lo 1],
Let @2 G—H e 4 homomorshism ojpérw«]og.

) & i /'ng‘eetive ,‘# kertf = id
@) |G il(er(/l = [w(e) {

Bpst.)
1) =) Singe, 7 is mective , o/ean// bar € bhe 2 singleton , writlen .

Por every §€ 6,
—~ jwaca) = W4 Ula) = ¢ls)
Claegy) = €la)- €(3) = €(%)  lolds.
Ths, a = id tedhe ker & = id .
(«) Qﬁvyg we can pick dlistinet 2. frons G
Clxe5') ~ 40- 45"
e @)

Since , X 7., 7(«"@—174 b‘c{ T/zzao) /7/,/ /tr:’r((:[‘;(, ((V{L)'(([Q)‘/i(.!{_



Thus, €60 7 €5), YLis injective .
@ %/ previous theorean
Thn 18 The. Secouwrd o Bamancl Jsoworphism. Theorm -
Let 6 be a group > fet Aand B be wbgroupsof & and assume A< Ne(B) .

Then AB is o sabgrocp ol G, BAAB, pB 2L and AB/B 2 A JAB.

Frood).
by 14515 . AB form the sibgyusp ancl A8 BA.

Ve, Y/, b'c AB .7h " e BA with &-b’< b"- ",
(a" b)) (b)) =(ab-bL) (g b")

€ AR,
Thas, B 4 AB.

YbepnB YaeA by B2AB . (a-1) b (a-1)'¢B,
andl o/wr// a-boatleld. Thus, AaBa /.
le @ 2 A—AB/B 5> aB. Then c/ear/7 < is howpaarphism,
anel C(B) = 408 thus, Alnap x AB/B .
Th {7 The Third  Lspmorphism. Theorgan
Lot G be a group and let H and K be normal Mg,mfaf G withHEK .
Then KM 2 C/H and (6/H) /(k/H) = G/Kk.
ﬁw%)



See 3.3

Firy/t Ao Shows ﬁrevery ke k andl §ea,
@H) CkH) (9H) " e K/H |

B detison , GH)(KH) (6H) ™= (349 )H and snee K is vormal.
GrY €K . Ther, K/H 2 Gy

ginae, H<K ., we can olene Fhe }gthcﬁan @ a5 Pollows 5

@ e —6/k ;8H gk .

/7[ we Show K/H = kefﬂf, b/ the ﬁ’r% z‘samorp/;ism theorem. fom/o/ez'a Hhe /2007!-

H pwever,

kor @ = {hHskel | =K/H  holie.
Thin20  The fpurth or Lattice I%Wism Thesrean. .

Lot G be @ grop and JeE N be o normal ﬁdﬂémulo o G . Then thereis 2 bijection
]me the set. of )’wéﬁmz?os A o G which inplucde N onto the sot of 5'.4,%)’0&470 AN 07’
&/N . In PMIA»J&I’, éVBl}/ %bgmaf 070 giﬂ 078 f/B 7%}’01-1 A/N 7gY5’09ﬂé fwl;éro;f

4 '770 6’7 [’mfﬂm’l{nﬁ N . This bi(;eetiorz has the 7%}/0\14.}'6/ /7/Pf76rﬂe_9 : 7%7“&,[( AB
<G wuith N<A ad N<B.

) 458‘(# /ZT = E}
@ F A<p then, |B:Al=1B- 7],
<3) </4/5> = < /'T/ E > 4)70[)

w A2 W T4 3,



I A#B with N< A/B .

Then there exists b, b A . b ¢ B moeover, bN ¢AIN thas, the function
is zno‘,ed/‘ye, and theretre, bgecti\/e. )
) ) For cvery @ ind, o contared in B, ths &N €BN and thace,

AIN < BI/N.
) F, overy @ in A thee existe same b in B such tht aN =bN yoreover,
thee exists 1LEN ok thit 2=bn . Sgnce N8B, 4EB.
Thas. A <B ond thpetve, A <8 .
@) fimtue venﬁ, b b b€ B. 17[/ b icets bV #hen bV =bs .
Snce, b meets bif, Tom €N Gt =bam bolds .
Moreover, bs € (b-t,0° @) € b N apd dhahre b N= b /Y.
A 'y pre vious tact , we Can detwe o /t)thf‘hbn ¢ mé/e/,p/m o/ ehoice
@:8—=>8/ 5 hN—bA
Then . clearly € is honororphim ardl ber€ = A
Hene, B/J x 8/4
O et H be o syoup it VB <H shon A< H ad B<H .
(97 W, A<H, BEH hlds. Thus, <4,8><H, <A,BY <H . -

mwfi@ ) Cagy LA, B> s,



See 3.3

Ll He a Mﬁ‘”“f’ with <ABy £ H “/’/{e_n 5), () <ABY 2H , then A<H and B <H.

—_— -—

H .

In

Treover, A £ Haod B<H . Thn, <A

Hence, < A, B> £ <A,BY .

/7&7%@, A, B = ‘<A‘,l>>’5 )
6) )9 w en’& () (an) (9N)" ¢ 4.
Gie A&, (Qa)NEA md, G0 E@(81)" (84 57N holobs,

@GN (an) (§1) 7€ T,

& Va5 . we vm’f} gat'ed.
Snee . @Qw (ar) @) e A L e h, G4 9=a holds.
The, Qa7 € 4 bolds.
fpal  I}Gis o fiuite Abelin group and pis o prne dividing 1615 then G contains
an element ot order 7
foos? ) % (Zzzw,évé Thegrem it is clear.
Thin22 Jorden = Ha[der
Lot G be a Fite group with G 7 A . Then
(1) G Jas o compositin. senes ‘W/

® The z’mfwﬁbn ]éwz‘ofy in 4 fwf)o;’/ﬂm sehes aye zau'ﬁae .



Lemma.  Lep G be 2 grogp, wnd 1ot Aand B be faé@vm/u of G then,
By is simple it A is maximal normal S’u‘bﬁmap of 8.

%ot).

=) ﬁffofc Ais mod maximal pormal M?map , then there exists H seh that

ASHDB momever, H/A 2 B/A this, H= Bor A 4 contmdictions.
) 5%/9@55 BIA is not simple, thew exists H < G such thet A< H<B anl
Hin 2 B/4 thas. YbeB YheH bh&1eH holds. Thas, H form the

normal fw/yﬁmz?o o B and moreover sinee A is maximial normal ;ubymzo A B,
A+ H 4 wmadictions.
Foot). Forolen - H lder
1) We prove b/ indluction on 6] 2 2.
Iflel=2, c/@v holols .
Assume there exists corpositan series of order fess than 1G] .
let Gy be mpximal normal M@maf then, L/ assunption, Gi posesses a. couposition
series G >G> > 6r= | mozover é/ /em%m G>Ci>v>6r =1 is the
Composition series +4 .
| Thus , ever/ Fnite 5mf prsesses  Cempositin seres.

(L)Zﬂé 6:60>€71>"‘>Gr=50( - ()

L& ca///%ofﬁiol’l Senes aé G . We fwvé }/'/ l}'lé’étCﬁDh om I



See 3.4

17‘fj r=l th, G s siple , thes /f/ previous (evgm.,. the compusition %m;ry are wngre -

Let,
6= Go>Hi >~ 2 Hg = il - @

be composition Fenes +.6.

Asime, the composition factoys, of &€ty pmyposition series with lensth [e33 than 1,

dre wigue -

HH-=a., é/ asnmprtion the epositian toetas of Hiand G e unigre andl

abo G/Ll, = Go/B1 hlils. Herce, the. composition foems o} © and &) we the e

FHitC, sine G is mmal, Hi-Co feom #he trotp andl let Ko=H,0G,

ther, K1 2 G- Mozaver, by Secord Lomaphon. Theorem. we obtacn,

Gy, G/H, wnd Hiflex 2 €181, and since 616, and G/ we simple,

G/ K anal Hijly is alss ;mf/g .

/3/1 D K2 prssesres compodition Senes Ke>Ks >~ > kg = ia[ ) MFeover,
G1 > > - > kp =i - O gl
Hi>keD oo Ski=id «--- @

. the composition. sencs ﬁ]é G and Hi .

Zg/t /zsmmfﬁm, e conpo ition Detors »74) @Mzm/gﬂa thus P=U, this imples

the comprition factors of & is als wigre s L =S



T Joct shus
(GifGin 512 i<0-1 ] = T6/ks, Fifup s 22icr-1 7 ~ - @
in/Hzfl 5 14d2r-( ? - f”*/kz,}‘i/gm ;261 €01 } »»»»» @A)
Hence, |
16:/Giti 5 02i<r-( | L4 Gy ,Cilie, , Filzny 5 2<ier-1 |
ol (e s Wi i er-]

b . .
= fG/H:) H‘/:Qi,u ) ’é‘ff'le .

TAHS, f(«, co/m/>o ritipn }gcm«y a}é cwrfasiti'm fenes o]l G ae wigue.



Sec 4. |

/7;0};/ e 2ty G G and ly ron-ewpt, sel A e isa bijection hetween
o _ 7‘4& 45&0)’” o]l’ @7 on A Rnp{ 7‘/&» 404770977@19}:/&97[5 070 @7 I}n‘o § 4.

© Bed)
- Zéé 9 Lp, a Zémﬁon 28 7‘1"//0108 5

% (¥ :G5% 59569 ) > (f2+> 63(a) ) |
Let €. ¥ he distiwt horomophism # G ints Sy, Hen ter exsts
%€ sush thr @)% ¥(3).
This implies, Therg EKists at [east ore ptir of & aod § sch +het
6lg) - a 2¢08) 4 holds, the %o tnjective .
lot A GxX4 54 be an actign , dethe he Function .
Y. 91— (20 d(ga) ;aeqd ).
Since, dison action, 2>d(8,2) 50€4 he aperandatiar on 4.
We verify € &> Homormaphva.
#,.9.€6. €(9-9.) = 4r>d(3-9.,a)
. 2 t=>d (9, dlg.,a))
ely). €lg.).
Thur, Cis Somommnphisor il vhelie § 13 sujective.-

"

1

1



frp2. et G be a grouo acting on the rrcapty set 4. The selatoon m A
dotned by 2~ b W 2<g-b Frsome 9 G i> an equivalad
elation . For cach A A . He mnberof clements inthe egilence
¢loss containgy @ is [6:8al. the indlex o rhe snbiliser o) a .

/%w/) The selatin is an equivalont. ol is clear.
Lot 9,8, 6 such that b8, a,b=% a holjs.
Wy mﬁ/, Vi Gaz 9 Ga o OB
Jince Ga<t,a. 97 9,42 hids, od hreach §66a Joza.
Thes, §a =99 a4, %" 99 4-a,
mmever . Gol 0 9 € Ca and, 9. (87 908) = 99 ki
Henee. U Ga < 92-8a . in simjlec way, 96a =% Ga -
Thosdhe 1 Ga = 8- Ga Bolols.
let @ be the furtion as Blows
b+ 9b Ga whoe boa awd b=Pba .
IZ/ B, @i /ﬂ/e/)awéng A e choice P b.
let b=94-a anol C=Yr a anl sappase 94 Ga = 9e Ga holds .
Ther there existr 1€ Ga suck ot 16 < Ge 9 holals,

7ogever, ééﬂ/:?égﬁ/ :6'6'& 7‘44&; é:@ .



Sec 4|, 4.2,

Thewtre, € is injective and clearly € is sarjective.
Thus. ¢ be 142 biection From. eGuivaleit clss o 4 inty f86a]

Thnd Lot @ be agroup. leé H be o sbgrup f € and Lot @ act by [eft
altiplication o rie et Aol left cosets of Hin @ . Lot i be fhe asciatel
perimtation. representalion atlorded @ 1his action . Then

) G apte ﬁzzm;f/‘l/e% on A,

&) Hhe ttablizer m Gof He pint |HEA is the ,uég,a,‘f o,

@) the kemel o7 the action o MTZHZ arel leer ey i the lorgest
sl rebgprep # G includlea] H.

I,
0 We the A BH.QHEA, 789158647 = 2 t1,9¢ 6 T bl

Jar wmy 166, vecanpick 76,92 €8 then,
T8 H = (999" ) (9. H) holds asol thewtpe , the action is
Yansifive . |
@ 5/ At Thition.
Gy =185 % = 1H)
SRR VNN
= H ot



®
ker e = {ge€s 9 9H=H $rall3€G ¢

- {9e6; Vaeq 99 9 el ] )
= 19¢asY9%6 ge gHY ]
- ,/) élr[—'/ é/“l .
Y
/;47;4[4/,%»} L ker kg <H anol o mr 2 G
Let N be a lmﬁ?m[ 7@%/’;&10 2 G fﬂéééc/ea[»H>
Yo, N= OGN e VM hobds.
7¢6 5¢6
/“/emee., /Azrl/-/ 1> the /ﬂ»ﬁeu{ /Wrymy( ,%éé»zm/; O?P & /nc/na/e&’[ /*/ .
4. ea//e/E Theore g

fve7 ﬁmf is /xwv?é)c Apa )zégmf 0]” Sone. 5/'1/%90721 ?’”‘70‘

fnd)
/Lé'r 7/m5 R 2wt 'L{ = Z,é/ 749;» é zc;/ 7‘4&@ er/)fy IS0 9910 phis o 7407&
/ by 7 P

N

€7 Ao :96 Pepler— Sihce ker € f\%. G s /‘)’o?ﬂorfﬁic B o) )’tobé}@té/)

# Se. 7
lor 9 // Gisa }ghz}‘a grotep "]Apn’éi’\ 724/70/ 7 is the swallest /7/7'@5 /Mﬁ/ﬁ -

/@ /J 7745/1, an, )ubgwcia 070/774/&4’ F /s mrmﬂ/(.
Bt )

Let H< G, 16 H - P,ﬂnﬂ/ [et Ty is the /)fmm?%tf/bw repre

sentolipn indoced é/ /ayg‘ cosels g]p H omn&.



See 42,43

Jie H hus p [efh toet s Bllotiy is ssoporphe fo sibgoep oF Sp
Let [Hikray <t Hon
[ 6 ilerzry [ = 1§ 1] [H: keertrs]| = PR boldfs.
Jimae, [ 1= ¥1 . b, Lagrarges Theorern , p = [Cflernac | olivides p !
Tho % | B A -0 holds.
fince AL prive , f =A% Ke X ol 161= llerl-ph = [ken |- putk, L1161,
Hawever, smce | P-D1 holsls, % hs ro prine dwisors % =1 .
Thes . H = ker Tty gud phevetre H be a nommal Abgrop.
/%/a €. The number of em Jusples oo sdset S in agogp G is the inolex a/
the rnalizer of S, |G i N () (. In paticuler , the manher of emjugates of
an element s oF 6 is the index of the romalizerof 3,16 Ca(s>].
)

Let. © = 4540 wngnte /S by some §eG ]

We dsser hr A€ G, .56 L A9 5 27" and A8 S 9 blds,
. then, U Nes(5) = Qanels) holds. ~- - &0
. V8 ¢ Ne (s)
| Since, 905972 S holds, (9-9) S (8:0) =4 bolds,
mever, (@30 0) 5 (47-%9)<S L 479 9€ Nals) and,
(099 ks, DMt Hals)



5}‘7&[}1&&, @I N@(S) 3’\’5‘;'/\/@, (S’) /)0/0/5‘, ‘f/lmS’A @/ N(—’;(S')l: %‘Q'NG’,(S‘).

By #) e cun dethe the function independent of choice
¥: €= [9Na(s)t 5 A 94 Nels) whee A= a5 %!
Clearly . € is surjective . thes venth € is injection.
let 4,86 € and C4) - ¥(8) .
Then thore etists 1. 98 riohe tht A= 345 %4', B=%s S G5
o sirce. 94 No(9) =6-Na(3) - tee exists §EN(s) xch that
U G5 holds. :
Forall @€d . A€ 9,937 =9 (9597") %' =% S 95 =B
thus, A< B, siraly A28 Thes A6, €is iyjective.
Thnl]. The class Fquation
Let G bea fiite groap ol et 90, Ar be wpresntatives of the distinet corjugesy
eliss o & mt canttined in the conter 2(8) o &, Then, :
(6] =12 (+5 16 Ca(2) |

€Er

el )

First, we show i 2€ AG) , He tmjugate cliss of < 3 fx?.
Let¢ Cx be the closy of 2. Y96 Co . 70€ G . 4 = @'72- 97 Pnee 1€2(q),
V0= folds ) thes 9= € Then, Co= {x¢.
é} PP 6. 1606 ()] is equals 4o e manher of equivalent  class



Jee 4.3

of 9. Heme, 161 =1206)]+5,16:Ca(30 | holds.
l<ier

72% 3 . // f ts //7?//& ﬂnﬁ( Pisa group o/) fn'@le power arder P d }grso%c o2 o
Hhen P las nontrivial center + 2(P)= | .

fort) B |
5//@7, (Pl=12(p)]+Z. |P: Col30) | whoe % is representatives of

the Abstinet tmjugacy ehss of Gt eonttined 2 (P). hus. Col%i) # P
b all .
Since, Gol§1) is m/a@m/;of F, /w{/'vi s [P Coli)].
Thas, f divies . SN PG (8:) |, mesver, p divies 2 (P) 1his
Shous thee exists mm- trivial center.
Cor D M APV hrsome pime ip. thon P s Bhelion. Moe pecisel, P is
(omophic 4 either Zpt or Xp X Bp.

bod)
B/ 7%(}11 8 Z,(/D) 7/ 7%1:& /2(/’) [ = f or 772 7%%5, /‘9/2[p) 12 [’}/C//C.

Now, We dssert /(/Zﬁemm/éj i G is c/c//c, then & is an Abelion .
V966 0,0, 0% . 20,2.22(8) anf ols such 1hat
1= d 2, 9-a% 25 holds.
Ton, 284 = (d®-2,) (d™ 2, ) < (% 4% 2,-2,)

Qith:

- A c 220 2y = @'% . anf(/émwgﬁ Gis an /458//21)7.



Hﬂ/”é’é Y P Is an Aéé’/}aﬂ .
Since . P has an elepent with order p*, Then P is tyclie , P& Fpt.
M awry ﬁpﬂ-[ﬁ[enﬁf/ element is onfer p, [ ¢ Plid, € P\<2>,
By, [ <zy> ] > (<z>f=p, |<xg>[=p* P=<x9>,
wrd ve can detine He isomaphso
2" 9™ D — <noom>
This stow P %2 X Zp .
fiplo. let ¢, T ke é/mem o the symetic. fuoup S and spprc. O has ¢y cle
[{aem/,mﬁm (& Gz~ Qi) (b ba ~ bka )~ .
Then., T8 T has cyele decomposition
(Tla) tlas) ~ Tlw) ) (Tlo) ™ha) - Tlbk)) -,
thid js, T8 is obtained fom & by sap laing each entry ¢ inthe ycle
etonposition. for & by entry T(i).

bod ) |
\/\/g ﬂLﬁ:ﬁ{f [»}ﬁ () :) 7‘/en ZO”Z"(Z[L')) = 1()) /;o/;/g .

//Azzs, Zf f/p/ 071/@}’&0[ /_74/'/" ¢, J sppears in the c/c/// ﬂéﬂo‘)t?aﬁfon »/ 05
ten the arﬂ/c»ea( /Jﬂi r TUL Z0) apenr in the z/vc/f/ ﬂém:fos'/ﬁm Seer.
Thiy covplete the /amf?[) :



Seo 43

B T2 745 > 4 e g
: bof) Ay te kb & the pof ue aneit the Jollwing.:
Lot 6,06 Sn ad Fsi=1i5 61 Thn T6=61 wphes T(F6) = /6 ol mmeaver 7
o s n~?€/& LT = 67 P some b
S, He Pt assertion 15 cleor, ve prove. . “moreover "fmﬁ.
- Fix o= and sime 615 n-cyele. 6= (2o Cui - Qi) . Jime T his o #xeo/M)
we obinin, T=id = T° 50 aswume that T Opes it posvesses Sl pourts.
Let TCi1)= i (#1) thn we Iae TUO) = Ous ,L/ induction, so. T 07,
- Next, ve vm?/l; the »/Lf*efwifmﬁan he coch mﬁar/ clhos 3s o, (123), (12)(34),
(123450, (1452 5) by cabaadse the minder ot shvestsneach conygey sl o that
/// prop 5, e _mmfero;f tlemuis is ezmﬂ the order & s dhile 1/ te oo of s contlizer.
~ (0 5d. Ve rmber o th tlomoits sy closs A 30l s eéarﬁx J.
- (i) (r23).
for 06 5. I 66 Cq 029D, e, 60u3)> ()0 by aloe awaction, € 145121851
o mmmeover, Oy (12%) = (’29/0‘;3,3} holels in Sa ansl (123D i3 3-cpele, 649 ‘-lna)i.

ie., 5/-{/,1,5} = a0, (123), (132) ﬂhﬂ( St we have 5’/{4,5} = 5ol (45 ) . We an oletarmine

- C//f (123 ) = 7’ il , (12%),(132) (), 50 the  number 0}4 the tlemen s in ‘)”'05“6“7 closs }ﬁr (123) s
. o

3 - L0 .



(i) ("z)(‘w).
sy i ge Csy (1234, 10, 6264 = (1064 6, sage (12)(:9) T51=1s]
.6,‘{%2'5»43—--—7{/‘»,‘7,4}:
A G in Sats thdm d 0D, (209, (10064 ever, (1060 ) (00) -

# ((02)134)) ('(m»(»)\), e fom/oér* v‘Z; %//M»é 6 in A5, io(, Qz)(ng);(;5?(;@,(,4‘)(23)6,%/ oL/
A Hhan satihes & (1909 = (20956 . Ty, Car (12064 = Tl 0683, 0008000065 f,

Ths. the number "7{ slements n Cﬂ'yuéM/ plas o (12062) s {f =/5. -

(v) (12345) | | | . -

flr €€ y;.'# v @;5 (123¢5 ). 6= (2 3*7%>i,,/'.e;, {w/ (12345), (;3524),()42537,(1549)?
wd d(:/ o in Js. 5o te wmber f/f/e wlonents ity class F (12545)55 52 /2.
| ©) (14325) | o
E%/né/,{v fkma &y), C45(14375)" 5 /oC (wazs),Ua;4z),(|z453>/w za4> A
 number zé the elemers in corjusate cl o (14325) />’é>2 = /2.
Ef»g)é»e, fZ&/iﬁ»f fk Pundte a)l clements y}é each m»&'utgaf}/ class 1, 20,15, l>,l-; zw{ 1/e, Stegn i's
bo (21451 ) so thoe weno moe congte ;/am. | o . -
/E’im/éw 2 normall f“’%’”“/’ ,5/ As is #e wion e/ m,()'u(;uy elass 5o the fa:}i);/e,m%r is. 1, 13,18 |

21,25, 2f, 33,35 ,40, 85,48 » b0 ﬁnﬂ/ & Zf%‘m«d& f[emm, fpfrr‘)z/p, orgler Ar;dgm,f is, 1,2,3.4. 5. 6,

012/5,20,30 4 4o Thodbe, the-odorof sral. Subgroe oA dsis Lo b0, i, As is rmle.



Sec 44

i3 Lot Ml el s of o 6. Ten € cts by cojugaton on H e
aitgmaplgn # . Moo speifially the action of G an H by emjgation is defed Fycach
$eC by 40> GAY" hrach heH . forcach GG . omjupatian by G i> an adormenhism
d H. The permdation refmmfab;n el by s ttiis x Poromephism of & acto |
A (1) ith berne( Co (M) To pativder-  6/Ca1H) i3 tsomiphi 2 o audynup oA A ).

P )
We Verhﬂy / %Hﬁflﬁ"l Arfvey@ be an action .

Lot 9., 9.6 . |
8o B o h) =9 (A9 ) = (90 9) A 1509.) = (5-9.) 4,
o f i fid s g
Thr. P> G4 G for overy 9€G from an action . mareser B every §), thae. exists some
6% ¢ Su such tht G9(0) QARG Ths, A5 94 7" is tudomoism.
Lot € G 0 ¢ Auwlt) be a prmutation repesertition, then. Wis fomomphsn.
Nest, w&ven‘;;, ber € = Ca (H)
Vg & kerll, sime Gy = €(%) = id .
VheH, 4 - calh) #9497 A hilols. Thas. e Calir)
Ve ColH) . i every het, 95897 =4 holds.
Mee sver- €(4) = 1 ad Hoethe GElerl( .
Hewe, lord = Ce(H) and Blrertt = Y(E) < Al ) .



Qr /A}L /7[ ki;my fzwéﬁm?o nﬂ f/g 6}01?76 M/ﬁf@ rﬂcn k ~ 1/7/“%1, dm{;«@de e(eme/tis’
and ﬂmpju@ai& ia/)ﬁmuf have seme amér.

for- )
Z&‘ﬁh@ H=8 /vaviotw /pmfosﬁm. then m@aﬁaﬁm 17 €6 is an awbv%r])kism ,/@.

Cor |5 /”or*m;/ m%mf Hda oo 6, the Juotient Gy Ne () /Cé(H) ts isomaiphic 47
7 ﬂcbémuf of A (H) . In Farﬂwfar, G/Z(G ) is iﬁomorpk/‘a tra §M@muf A At (6)

fort)

Siree H is & noml sebgyzup of Ne (). é/ ppl3. Ne () [Cal+) 15 isormamphic 44
fdﬁmf of Aut (H). -
A sice . G 15 0 marul subyupel G by pupl3. €/s16) is somaphs tra
sbgooup of At (6. aod Mm}v £6(6)-716) the. Clale) is isomaphe 4
selgiruy A A lb).
Vo 6 . The adtsimaphiom. group o the cycle 7mfﬂ’ 2 is tsomorplie (% In%. X ), an bbehan

{:’;)'mfo af) arz/er Ja/s C(n).
fied )

Lot <% he n Qc/& greap. and [et
]P ' /4&(,{ Ly — }/B{ 5 ({ - 0,’}11011(/,0/07)';@(1,) = X‘Q fqo[clg.
ﬁihce, ()= 2* éo/v(s, The dmeWi‘”P}mrz ¢ is m'*ﬁ,,e// deteymines thus ﬁA’”//[
f (5 urjective -

We ye }7/9 ]2 Is }/me?}:}swt.



Sec 4.4

lot O Y EAdlny ik U2 )= 2P
Fluow) =$( GD*) = a-b = 2q) - L(4) b,
ﬂw. ][) ‘3 bo?rpfmoy]a}')bwl M/ i/i%]gw, 7[) /s ?fof)ﬁo)ﬂi:m.
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Sec 4.5

Zemm& /? ! Z&t /Dé gy/]) (é;) /]pé) [3&[7 f—émcgp oﬁé/‘f/{en &/) NC—, (F) - 6’(} P

Proit).
Sie P< Ne (p) holds. 5/zfar1//l/ RAOP £ daNe(P)

Andl Since L0 Ne(P) £ 8 /,701‘;};5» We- \/6”79 446 (7) o
Noo, since- AN Na(P) = Na(P) hoie by Sec 3.2 Gr 15+ P+ (BANe(P))
ﬂl@émufﬁno(é/ f&c&l ﬁyf /39 .

, 1Pl 1tanNatr) |
[P 8aNe(P) | = Trai@anes )] ok

Moo, |£1, 180 0P are poner o v,

(Pl-[aane (P 7] Po@0 NelP) [ holds, PrQANG(P) is a p- s and
marcover, Fis e rbgmuo of P-QONe(P) ad Pia /O//aa e sudgioep thes,
P=P-QONa(P) . QON&(P) =P holos, hs comple the pror?

Thon 18 5/ bo's thegroan. |

let B bea goup of onder P, wdere 7 > prme. ot dlivising. 7

() S//vw - subgroup of G exists.

DIf Pisa Syloo pridgop F G aed Qis ary p-sdgron o 8. s

thewe exists QEQ such it B <GP q. In[mﬁea/ﬂr,ﬂn/ g 5)@; /vzz—%gmf

A 4}@ m(zj;'aémf& in 6.

O T munber of Sybo p-sbgyop # G is f todrm [+ hp. ie,

p =l todale p.



}if}lér) ?% 144 f/&/ﬁﬂé)« /}zgo]p /bm)ﬂ,/iaer\ /Véf(lo) ]g}“d/?t/ ;ﬂu P‘ﬁa%maf /0,
%&/705, 71/0 Aiviges -

feit) B
() We prife #f/pmﬁgn by intuetin on 16 (22 ) .

o 161=2 elarly Holie.
Asume. . every group oh oo less then 1G] has Sylow p-sbgrnap.
I plale). “
by Cluchys thowm 206 powses a group Wl wikr 0, osoer N3G
polds, < GIN oo the gronpof oler p 1. This by asvumpton . G/N
possesses 4 Syl pdgosp sk that FN = C /1y

I pd206),
@/ eliss egeation, there. éxists representatyver of con ugate §i ek wt in 2(8) sueh it —
P 16:Ca(3¢) |- This implies P71 Ca(8:) mareover [Ca o] = p* %
frsome & And clearly Ce (30138 tho by asnanption. (6 (8i) prsoses
S p-sclgrap
Thocthe . Arevery oder o (81, C poserves Shou p-sibgoup.
bice roving (3 and (%) we mabe some. calealitians .



Secd 5

let Plea f//uu p-adoa, ok Hhe cobetion. S as s -
S=14r" 9681 witten S= [P~ R L.
let Q bea p- w/)@,u/wﬂ G amd lor O, s boan okt byact b
Conjegation m 5. | B
Oi=14p 9" g hal Iz
Then clearfy . VO: =S and v+ 2,10 1 ook,

Nbeser | oy /Dm/pQ,
[Ocl =18 Cp | =]g: Ne(p) | loldh.
r%( siree

Mg (P = Ng (Pi) Q) = Pi() & holds,
[Col 21Q: PO helds Ay 12 €5 indlependlont of psbgong G 08
Mo, e vem} = gnadeo . - OR)
It iz amegh st check te csed £ =P . Then c/m,-ﬂ//; U=
o for 221, Py # P zl7f7o//‘ey PP < Pi Then by @)
101 = B:p: 0P | A 2zi<s
Nocoere sne Fis Sl p-sbgop. 11 0i] frall 22i< 3,
Thes, v =1 nodlcdy 7 ol gls.

@ Z@f Q b& dh/ lo\jwéémpf,



ﬁvﬁm Q) dhes ot comained  Fi A any ‘.
Then Q0P < & for every i, roeover 10il= 188001 >
Tha, P10l frevery ¢ a emtmdictions .
Thoehe A <9Py" for wme ©. |
In patcvcler ¥ B Sylow p 2l [8]=103P87 [ bolde, thee & =3P87.
Thorethe , any tuo Sylow p-scbsyop. is conjugate .
& 8 0 ad (B8 cleerly 11p = [ anedlelo p.
Hd by prop 6.
np =[G NP | Forany PeSlp(@).
This omf/eta Hhe //mﬁ 7 5//04‘4» thenear.
(or20. Let Ple a Sb p-subgpoup of B. Then f/&fo/ﬁm’nﬁ wie. eguimlent
1) Pis the wnigue Sylow p- wbgy.
@ Pis normal in .
B P is thpime tenistic in B

4) 4[/ fké@}’wff @eﬁemlez( 17/ 8/&7//&/%5’ 071" ;b»/mwer orJé’r are P-@wuff-

Beoit) .
0 (3) Let & be an ﬁwz‘mnm?):b‘m F G Then. €(P) b the 5//’”’ I ﬂ‘%”“ﬁ

7%&(? ([(/)): /9



See 4-5

8) ()
Jbr eve7 9.4 0/37‘[;)73 i Gk a(] 47 7%6"1, W s pn awfp?m»?/;im ,4lp)- /D

A)//{s’. 7},’6,,81%,9 fgrwe7 ]96’ P, @.'f'%«_ilé’/? Za/ﬂ/s . sz@« Fis mr«//@( tn G .

) = (4).
fmm G’/P ﬁrm fét’ %mu[) npara/er L /7/ ﬁlﬂc//g f/}eomm i/ lﬁg 6 ﬂ/?ef 9% iMD;

72 f/m mt aévi@/c/ f%,; omér @P 7%3, eve7 e/eorm/i afo 77— fpovver order conminea( in P.

/%M 7‘/7/3 /u%/pn/ﬁ' ﬁgﬂm&féﬂ/ ?’/ olements o;p ip— Pwver (Wﬁ/er"' /s f/a Su %’mwﬁ o‘f /0 Mun 77 ')"wéﬁn7;.

ZE
Lt A:=1]%9P%" 9€G ¢ then é/munymm., A is - froap thes . therg exsts B¢ G

/WA .f/{ﬁ'f, A —4—61 F@/‘/ Inoreover, /4 - %I P@:—/ }7oliﬂ(6' 'f/ézs', >;v)/n/ I;r)— ﬂfjjm.f LS

%ﬁﬁ ne .
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Sec 4 4.

- Tho 24 An is 7/»7/% dl 725,
o &070 /e frove }//M/ﬂa‘im WW[ the ease ds is /Dnyeo( in thn (2.
Astune that Téehv, exists ta.,/wnfn'wf mmw[ f«éymf H of) /}n = @

576‘]7017(/ Gi N f&é’ G $(i)- %} then  Ant Qéz’ <G s // /'nM/z /v)//zm";m: uef;ya

B simple. . ey i
. Jinst, ve eppse thit. the exits porivial H sk thet T =1 Ay some i .
Then finee~ € HO\ G e Imve HAGi<Ci e GitH , o all 6CG and 7 ve hawe 6C; 6~
= Gow ﬁm[ fgr every Hee exists 6 € such el ©(3)=) proed 2, 7£p every o ue fave
~ Gy~ Gow 060 20HoTEH e, By H o ally Lo 2T b sbanyaition
o S Then, e N34, 2oTE Gy )grsaomoi i tor every ). tan be decorpore 1:/ ’%I"M 4 oen
nqu;em)/ tiauspiis. Thes, G = LG} ?,§> ¢H, a commdicton.
—~ Ths, we obtain 74;« evz7 rontvivial TinH , i) 41 ﬁrway 3. MNow, we osverd 7fr 6, el
~  with 0G)=TG), tine T'O0U)=%, ey T'6=inl, ue have 6 =T .
Secondl, we Seppuse thee exists TCH with a 7‘2@; ) Cyele deconpusition,
T la s - )hiba-)- L - @
Then, pimse. n24, €6, AP Qy, >0, Bt bs, exisrs. And lyfn/o/o, ve. e

- = 0t O:l: (&n N 6(&9) . \/ (0<11) 6(h) - \)Mfé T, # T2 M IA(&J:T;(&J)

Q. Con iction .



74%7@4&,. ever nm-ir)vm,( element, T i H, since. N24 ol @ dbes not ipu 2 T Jas e
’ .
ﬁs the %rm ..f c/a/e/ e/em/zpaﬁﬁan s (e (b da) (s @) - . Qe%n& 6= (4 )(as Gs)
, rém,v,c,}: 6cof’= M, 0:) (G a.)(ﬁv;ﬁ?) .'w%. C#T m[ tc,ao%c{(a,), Mo;m» N

0{icz‘)0n . o o , , -

77711)@!0%2 , 4». 0493 hot possese nom‘hv.‘a[ mrm/[ fJg;mf, An s mf/; 7& N2 5.



?17/;/ Ifb @7/; =, Gn are 6}’0&?3 , their é’{’i}’%é [wv/'l/ucé is & f})’oaf ,07) aro{er (G ]~ - [Ga [.

/3?070) C bV?ouJ .

Pmp 2. let G, -, Gn be Waufs zmé/ let

Gr=Grx 2 Gy b thetr /{imcl: //w{flﬁf -

(1) f;,, ench %’xed, [ the sel o}i eloments 0/ G whith hove the iﬂ/e}tﬁ'(/c/ A G O') in the D}ﬂl, position 7%7”

2l 376 mnd arb:ﬁ{uy ,g&wni; of Gi in position { isa még,rm«f o+ G ifmwﬂnc 4o Gi.

; I]ZM/@ N[f!lﬁ?é)/ C’J)t with Tlli.')’,fwb6)0h(0, TAen, GLﬂ é ana(

G/éi % Gl YX G-t » G;ﬂ X

x Gy,

&) fir coch fxed i glebie i 6 = Gi by Lo b 50) =9

= . \ ~ | ] . ‘ . 7
/Zptfn Liis a 5“”01&(‘!% na’);;o-;n_o;{,;ny);c 7\,{,(,1’/1 zfep 7(:(, o é’;‘ A~ X GL»,)t G)H 1~ X Gp

frt)

Lot 7{ i (i » L id, 9;,:A,~~,fd)

/’aéam;f ,a/ G .'
‘/Vﬁ)(f, ue Ven‘zp/\ C’N‘ 4 G .

eGi, V(% gueq

(B0~ Gu) - (doid. 4,id, -

.7%&(9, Gia g,

(3 Uyyp/ey‘ the w{emrhpicamns in ,Da)tt_(/) B t'f 1€ 6 ,ﬂ‘ho( ge Gaj 7%}“ Some (:'7‘0:2 . féfl'z

. Then c/e&r& 7/ i z'yomorpl}mn ﬁMn G; ontp 'fh

id ) (87 85 ) = G i, B0 07 i id)

/E/_/-"ll///, we \/E}’/?ﬂ/ 7 G/’éL Q’/ Gl X \T\ X Gt‘lx G{‘I,!l\“\[ Gin



Z@f ?‘G—D Gy X% Gl‘,—l’(@iﬂi‘“x Gn 7 (%0, ) — (é'rv ‘ @i-l, Qivr >

Then clearly 9 is homeomapphsn wd surjective , moeover ker = G holds.

Ths . 6/Gi % 6, x~x Gz~;x82+u X~ X Gy
() Jinee, ker T = | (80, i it G %) €68 holds,
/(e',\ n, =~ @/61 ,’k6,X~~\XGZ—1X6i7fX“‘XG”'

(3) 0bvious.

) .



Jec 5.4

O I @)= €8,) ie G % ke Cholde. TFHC,

G —S> 6/ C: g 4-6
\ : ﬁ ' 3G T @) in&/e(pem’eni ot choice .

Now, o~ icl: &G, @eoid (978" 9:)= 1 holde, TFpC,
¢ f~~f~"/ kr o
G
Henee, G 2 ler € boldls.
fi 8. Lo H ansl I b bgyoags of he gyrup 8. T sonder of dlstiat ways o iting
each, eloment of the et HIK in the P Wk, P some 1€ H ad e K is [Hak].
L petr, if K =id, Shen cach.element. of HK can. be. witen. wiiguely as e product
Lt forame hebl ad e K.
Boil) Dn HXWK debne selation’~" , (o for) ~ (s, ha) f Frb = By hoa Hhen ~ s
equivalat relation. fince. € HOK , Uhu, ki) o (o o' D holels, then ery

ez,m’va./mce- class fossesses eleanents move than or agw(s to HAK . Thus, the number

) Hx kl . , [Fx k]
177‘5 ﬁzuim/emp, eloss s less than Lﬁf;g,‘ : /JnaK npw , [H-K [ = lﬁj‘nlﬁl“ . HX K /n f= Hokl

ha/ﬂ(&, 7%8'1” qﬁ féemv exists Spme eﬁ.uiva,lenc& c/ass WIMA /M(S ora/er‘ /7*0/%"%/ e 77’1211 {H/)K (

' ) K
men, #/a i ber ,]é %ulm/enze. elwss fs /yio/per// /eys fhan %);)kf . 4. contiadiction.



Henee, every eguiislowe.cliss psesses clewents 1H0K .
TG, Suppose G is o group with rebgraups H and K yuch that.
) Howd K ae ngmal in G, and
L HAK=id.
Then, HK =~ HxK.
/%07@ B//—’mvioas thearem, » He Foction € HK = HXK 5 €= <A k> with 1= 4.
is determined mﬁ/?em(ené of choice. We veri/ Cis isomorphism, , £ is c/ear% «( is hijective
Thus, veriiv Cis howorphism .
e, HAG , br 4.k . b H'eH moeover, B % h ke H holils,
smmm//‘, sine KACG | 1 b AKX holds, Thas, 1L h 8" =id , hh-%%.
for, b e €H, kb €K -
ClA b)) Ch by ) =<t t> - <hahad
= < o ta >
o, o e ) s, L homomarghim.
Henee, HK =~ Hxk
Thnl0. Lot H gl K. be groups and fe € be o homoworphism. from K o Aue (H) . Lot -
dente. te Jeft action of U on H cleternined by . Lot & ho the set i orderd puics (k) with
heH and ke and detre the Hlbei : mltiplication on (fu,%r) (o) = (hr et Fas ko)



Jec 54

N Pnﬂ Lot G ben gop. bt L€ C and fe HLC. Then

— W 2g=Y2[x59] m[om,m/ar xq=b4x # [29]-

@) H2 & # [He] H.

8) G'is cheacierstic sebgioup of G and GG s Abelian.

B 4 6/a’ is the lorgest Aleli uotient A G in te sense that if H 2 G and E/H
~ s Abelon, then G'<H. Comversely, # G'<H. Hhex H 2C and G/bl s Apelia.
I @ G54 any /107;)07770}707”#3?;1 # G into on Abelion groue A Hen &
Factors trougy G’

— hal)

(1) Obvioug.

@)

(ﬂﬂmmvﬁhﬂﬁﬁm&mmfﬁ/ﬁéw
—~ Jnce, H =G A §eH thus, [H.CT =F|
. =) VheH Y4 @ gine ,[H,612H,
- h(419 4-§) AleH.
9 A4'h et
84 9 ek
- Hene, H< G Folds,

(3) [et O be an MO‘)/)OJP/IU’WL ”7‘j G .



clxy]= o (9 n9)
- 660" s) oo -6y € le.e] /ﬁngver/z,@g@;.

Thas, Gis characteristic sbgroup ? G
Nest we shaw C/G' is Abelian.

Fist we vy GG o the gyop se. @' roral

Vgee vgee’ 99 -9 (979 99" ec

Thes, G is varmal , € /8" form hegiip.
for 909:€6.9€C" e ven‘/’y @-4)4e®.-9.)C.

Mo, 9979, 016G wd §€ € thus, (97 9790 90.) 9 € G morepver,

%/i "6”2'@661’0(}2 G;/, Héﬂ/@, (3’«'?/2)6': (éz%’// 6! ha/p(g,G/@i/ s /%6/1'&)1-

“)
) fnee, (2F) (91 = (51 () holile,

id H o= (2H)™" (gH)" (H (GH)
=L 9D HL Thes, &L H.
(&) Zf G < H. e G/B" is Dhelan every mb@rzuﬁ o Gl s ol
HIG 4G /e hids mmeowré'y Lattise Zs,ﬁno;f}/mu Theorem. H 2 & and /7
Thid Lonaghsn, Treown. . €/ % 6/89/ (Hie ).
Sineg. , 616" is fbelian, G/H is also Abelun.



} ]

" This m/ﬁ/;/mtim makes G oo g, Grup o m{g,}. 1G] =1+ K],

(2) The sets f(i,w) 5 %é‘H} wnd 1645 4ek | are swbﬁma,as of G and ﬁa,Wfs

i (ko id) b heH and hs Lo k) e heK ave isomaphios of fese sbscbgpeps

with the froups H andl K Vespccﬁmﬁ/ ! |
He (i) AeH ) and Ka [Gdod)saek 7.

Lilntifying H and K sith Y isamarphic: eopies in G described in (2) we have

B H4 ¢ |

@ HOK = od

&) fprall heH wd ek . pht' =44 .

bool)
() First, we vefvj/ G 74?’}"5 he Geup.

D (id,id) € G is m wé,ﬁ;/.
(hot ) Cidsie) = (4.%) , lico i) (k)= (A, %) holds.
W fr (BR)eG, (47, 1) €G is an mverse elenents.
() (B &) =i, (47 47") (h. %) = id holdls.
W) fore (R ler), (h, ka) and (Rs. ks) € G
[ Chok) (o) | (hsks) = (b hovtha, i a) (s, ks )
(b ko) o) o Ao )

= (T W) (hs) U ) () Bt )



= (ho €k Uha) - CA) (€h) Uhs) ) ko )
- (ﬁ: %: s (- éa‘ ':/H)“ Kf’ %’é’)
e ki) Gt Glt) ).

@) Y4, €H \
(hi,cd ) Chy,id)" = Chiicl) - (A3 id) = (s, i ) €H

V%“Zlé K
(idohr) (eds Fo)” = Ciolstr) - Cidl #5') = Cid, o %50 ) € U5

7%;, H andl K e mé@maf.

let, ) h id). e k=Gl ) .

]?Dr ﬂr/[( 1/,%2 eH , 77/%1]7/[7&) = (%4,2&()' [ﬁztﬂ/) = (%r'%:m’ﬁ()‘?(“/uﬁ;)

b all BaelK, €(h) ¢lha) = id o) Liol ko) = € (ke Fs)  halsls,
7, ¢ we zsmnay/;/mm.
B H4 4
VAheH , (hi ki) e,
Ghio %) (b te)” = (e d ) Chi' i)
= (= ke k') €H Thas , H is romal.
@ - Mirm7 2eHAK , (40, ki), (haka) €6,
(ki) (o ka) = (R ke 2?) (2t 28a)  holds,

/9/\(/), evists ))Q‘ec(/'on HxK ante G , every elements in, (4 hag wnigue Jom (48 Then,



Sec 5.4

a=id ie HOK =l
G) W, 4
(i, %) (o i) Cid 1) = (H A £ )i A7)
= (A, id) .
the, % AR = % A Joldls.
Pop [ Lot H and K. be goups and fet € K— ut (FI) be o bomorphim.
Then 1he. 7%//0«40%. are %wivz«/emé :
(1) he ia/em‘ﬁ/ wap bféwéen H XK amel HXK s & ginup hmnoow;];kmn.
&) & is 4he trviel %07170’//)0";7/}/3%& fom K iner At (H)
@ K4 H XK.
/yfw]ﬂ)
(1) =(2)
by wsengtios for (o) (o) o U Ko o )= (o o o) el
Tho, o 4= Ao holols S all Fou srel Ay then € is trivial .

@) =2 (1)
VieK, (hk)eEH XK,

() e (d ) )e(ht)” = (hote k') KL %')
- (d A4 ) s i)
<K
Thertre, KA HX K



(3 => (L
/:/Hé we- Vemﬁ/ 7§1A ay/z/ﬁtcr/ % 74, > LA 76_7 cK Aalc[3~

/@/75’6 kK AHX Kk /70/9(7, Ll t]eKk is elear

//np/ ﬁihlﬁ, (i;li'ﬁ()”(ic’// il)”(%/ié[/\”[/d(/ %,f - (%»l) k‘l)"(ﬁf k} é“]—l &

Then,, [h. %1 € HAK ’M?reayenL/f’ﬁV}m thoen, LA #]*= P AL )

/m/e[J, He action o K on H s m//a( this the ia/mif/ w:af is /'507,'/0%}7)39)1'

77)4)L /»2
Sw))dj@ G (S & e Wf/l §{277.21 S H ﬂtnﬂ( V\ f“c’j; f'/wé
71 AR v

W H2GC , md
C) HO K =i .
let. @ 2+ K—>fug (H) be the ﬁDW/cfmothzsm pletined é/w@/}ying) ZE K o the
At :‘@9/41‘9% i Jef eoucption é/v % o . Then HK = HX K. Tn /)arﬁaJar\ i
6 = HK wath H ol K satistying () arel (2); thon G is the semeelivect pocluct
of H anl K.
Fref)

E/v Hon £, every pletnent i in HK thee exists wigue. pair o, th) such thet = A% Hheuw
W pan //g'ﬁ/;g fé.o, 7fmm'u,~n f : %/é — ka) (”fé/fllflflc[ t}"’: ehoice -
) /:’Br’\ %/%I,ftlézg H [é 7 /(Ulll‘I) (/n[fz)) : 7/(,%4#1%2 2\{:9/} - <%fkl/’.z %4-1; %4 %2)

- (%b%l ) ’ (%2 /22/\ 7%/(5’ /D (3 {3091;02/;flr'5<//¢, HiK o« H Xk )



Sec €[

Tl Lot be a pive anl (P be o g of oo P2, 421 The

O The centerof P is mmtmviel 1o, DUP) £ ol
& W H is uomtrivial rormal ﬂbﬁmf AP den HO2UP) # .

0 3 H i3 s sowal sbgroip of P hen H coains o sbgesp of ader
thit s sormal in P fir cach divisor b of [H. T paticadar, P o a
noranal. fﬂémcf of srder P hr every be .- al.

@WDIH H<P then H < Np(H).

) Evgy wdcimal ;M%Wf i P s v/ index 79 mw[ /s mrm( inP.

/%ﬂb)ﬂ-)
0 See Thn § of Sec 4.3

@ let Hle o mn triviel - normal M)gmu{;n[ P, then Fl Jas the form of The whion O_f
‘f?tcél/a/éni cless H :}{nfi . Ey s Conjugacy oloss o P and [et for 12025

E{' 'S .»"3:';31'27502: P fg,, St12icn , E4 (9 ot ﬁyg/eém ﬁn// eve7/ €, (s Jrechrese f/{)—

tinets.  Then ﬂ/mr} ,

IH[= =&
[4,£h
Zole] + 2 E
14048 rl4i€n

] i
:WHZ(P/HZ_-WJ, f/'(’L an 4, fmr/-wéé,

FHELIE D

thp/ /H/ o ew?v ,'(%i:)/ 0//\//'51/&0/%/ f 7’,/ [ Hao Z(P,)) AM/
Ha2(p) #17 ths,  Ha2(p) #id.



@) e prove & nduction o a .
W 4= lor H =i s clearh holds.
let 451 and H #id @ @, Pl HOZP)| thas by &m/«/y‘s
theorem, HAZ(P) hes lgrowp 20 of orcler p, we asert 2 is norwsl in P
Jnee  H D P wples Ho, 4 Pl2 and (Po] = p*, by asesprion,
/o preses sbgop K20 (3F/3.) o oder P*. o every b < (.
Then: by Lattive: Lmaphom Hoes, Hpows sdposp 1< (27)of onder
P’ e every 12 <t il clarfy H prsesses she wriel sgop of
oroler | . This conplete +he. pree 7
“ We piove ),/ poleetion on 4.
Wa=t, ten H<P imples H=icl vhes H < NplH) holels.
et ar| . |
11 200) £ H holels, thn <H.2(P)> #H.2.(P) maover.
H S <H,2(P) > £ NplH) hlels. 1hus H S NplH) .
] 20p) SH hlds. H/2(p) Formre the gpecp.
Hoeatler 4 (P4 G, G = G/9(p) .
5’/ asumption ,  Hl S N3 (F) hlfs. An///( NplA) < NolH)

H s /{/;(;f thus, H §/\/Io(f-/) /»/0/5». This fm/v/gfe the /»m:?['



Sc 6. |

5 Lt Ll Jo a mwsionl srwnCrguapf P Then by @ M < Hplar)
Ields . B, el of #1. Np(#1) = P thes, M AP Doldls.
14 Vel >p. A/p possesses 4 shgyaup o P e thew exsss sebgoons
o P ohich is nper et of L o comadetion.
The, Wi/P[=p. M= p&",
Fip2. Lot ple apoe ad let Phe o reer A oder U, Then Pis silprest o
pilporence eloss ot mose A1 |
fuf) 1f Dii(P)# P, by T 100, | 2(P/2:0) ) ths,
[ Dis/Zi | = |2 (P 2up 2| 2 5 mwmover, | Zni | 20| Zi .
Ths, honever Zuet (P)7 P, 12012 p? hlds vhe 2a = P.
Hewe, P is nilpota of clss < 4.
Wt ot clos s 0, o Froe (200) | = 3¢ prewery i
Ths, [P/ 22 | = 92 by Seet 36, Pz i on Alelon o
P/u-n = D Pl2a2) ths et = P, a contradiction.

Tém 14& hi//ﬂfé’rzé f/m (9 al most A~ .
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Fpl Lt R be o ving . The

(1) 00 = 20=0 frall aeh

@ a)b= al-b) = (ab) Aall 2, beR

®) (-a)(-b) = ab A all 2 beR

W PR hes gn iﬂ{enn'y [, thn the ia[cm‘iy is thigue wd -a=(-1)a .
Fod ).

1) Snee  (040) &= Oa+t0a folds (’/ear& 0= Oa ard the Qw»¢wa/ 0=20.
C) Sme (atCw)) b= abt ()b hlds. - (ab) = (-0} snil the same
wzy, —(ab)=al-b) .
Gy b @ (a)L) =~ (- (a)) = 4b.
@ Lt e L @i/mfi*/\ AR,
Hen (= 1€ = € . ths th mém/f, is tnique .
See At (0@ = (1460) 0 =0 hlds, C’/ear//, ~a=(-1)a.
/3792 Assne b and ¢ e elewent o m/ g with a not o zero clivisor. If
wh= 4, thn ether 2=0 w b=C . In perticaler, J @b e e ary elements in an

‘Wﬁ@m( ﬂ[MﬂJlm d/;a( ﬂ«é‘ QC, then either (=0 or b= c.

Bost)
/5/ ah=ac, alb-c) =0 hlde.

lf 2 8 non2en0 elemet . b-C€ =0 thes, a=0 o b-C=0.



lor 3. Am/ Fhite im‘e@m( dewain s & 7‘9@/0(.

B ) Let o be 2 non-2en0 clomant rhen 2RER Jolds.

5/ pervows thesrem, b 7 b’ {wf/iey ab=ab’ ad awe ©is Fnite, ap=R
Heme, thee exists some b suh that ab=1  the, R fom he Held .
5774 et B fe an ;hfegm( ooz and - fet P09, 300 be 1on-zero elements of REx1. |

- -

) degree P oo f/eﬁnsc Pt degree 360,

) the wnids of REI are Just the want 7R,

) Red s an integral dlognain .

Bed). Lot Gn-2 pnpl - 2™ be /ma/ir? terms o 00 end 200, then the
/m/i/? ferm »/ﬁ o0 HE) s by b 2™ the (1) hlds ad morvaver, sine R
is im'eam,( Aomain, RI7 s algs m in%m( Aomain .

) Z/a /4(1) b o it o]é RGO then o some 76) . P g = | e
This shwe that degreesof [ anl B@) e 0. the p0 is #lsa the cnd of R.
/%P? Let Raml § be rings and [et € R—=>G he a /fomomrf)nimr

) The image of € 15 a ﬁJann@ 7S

@ The ko F © 15 , waq’n@ o R. Futhormare, $AE ket ther 1o ard

dr€ keer- ¢ ]QHV‘ e réer e. /@réf 13 f@w{ zma/er %wé‘lf)mﬂ‘m & elewente 70 Yoin
Q. V4



S$el3

)

) C/em} 0eIn?. Let 9¢,9;€L46€T/;w/1}16@u'19fs (it €R 30 et €1 5 and
Cra = 3a hold. Then, 0(ri-12) = S-S and @r )= S S hold. The assert -5 »
% eInl, Th, In ¥ o cloe wnder sbtaction sl muhiplication .
(2) C/ear// 0Ckeald Jet virselerl ey Crim €r=0 Jolf. Thas, @lri-1a)= 0 andl
Wriova)= 0. Thas, ker "l is elsed wnder subvaction anel multiphieation . Aol the.
sane ways, e ﬂrbnm:}/ reR aol olelel we hve €rd)=0 md Qlir)=0 thus,
rd, o ¢ ler. |
ﬁ?{ et R be @ ring wod It T be on icleal nyp R. Then the aditive ?wﬁaa{,@mf k1
s 4 ring. wnoler the. /ﬁm?/ opeetlions, | | |
(r4+1)+4 (s+1)= (rts)+ T  gnd (rﬁ 1) x(s+1)= (rxs)t1 .
7p0>ﬂ ddl v, 8€R. COnVeﬁa/)/, # T an/sw@mf F R suh thed e shove afamfions e
well- defned, Hhen 1 s an ideal o R |
Boob) 57 e, Lis ideal errﬂ} the spenations weuill-defned . Lot v s s€R
such that 11 L= L ad 4= 84T bl To shoo the Mﬂw e well- defmed it i
gl Ao W& rise (rts)1 T holols. Howover; gince R is Abolin grop i s c/ear//
holds . Nexit e \/er'né/ The- e ip/featim is well- deined, (r-9)€ (ris)t 1 /70/&(9.
lot BT suchthat v=r"+d and $=84E then, |

rs = (r+d)- (844)=r's’+ds+1rf+df e "’9%‘*1 bldls .



anw, the W««Hip’l’é’aﬁm is well- o[apinea( .
. /\/f;«xi/ Wﬁ?oj‘?, the cwdh*ian ano( the 7}m/hf/iéafft’ll, on R/ T are well- p[wgneg(

%zce/ I i3 a/suﬁam?o 07‘ {; it s enmgh Ao ven& is a/oyeﬁ( urw(er%u/ﬁp/:z’wﬁm‘am(
vI,Ir ¢1 hld A all reg.

@, (041) - (041) =T, clarly 191 foall tqel.

/7"'0(& (y--} 1) ({‘"1 b i RN (C I 7£0l @(( Pée a”a( Cé_L SLI/U«V&// lrcl
Hence, T o the ideal of A.

Thn'7
() The Hirst ISommPhisr)L Theorem, T zings .

H € RSt ahommonhsn of vigs, then the leel of € is au tdeal of R, e mmage o
€isa mémﬁ oA S ad R/l s somorphic as & ringy to €(R)-

@I T s tay ideal of R, then the map R— R/T 0é7gnec{'; L/ ri=nr+l
is & serjective- ring homowaphisn. with berrel T th hovomerphism. is callee the- netural

,W@wﬁon/ nﬁ /Q ot k/ 1. T/Ius eva)/ ( ﬂ/ea[ is the~ Lerﬂe( oJﬂ @ n’n@ kawmﬂoyprML M&(

Vice~\ersa,.

foef) | —
U) 1%/ /0;7 5(2) if is c’/eﬂrﬁ, 7}15 LcrL( s an zaéa,( n)/ IQ mm( é/ﬁm/pﬁ (1) mnaac 4

((iSZL )’uéﬂnﬁ e]p S)
/V@Xi., We v&hﬁ/ 'Q/h’r{/ < (f(R)



Jee).3

Now o abe R, atter = bt benll , — 0t b € kerlf folds. Thas, @b)-%la) =0
moreover €(@)= €(5) hills. Herce the. foction € a5 Hlous well defined
@’ R kertt — €(p) 5 r kerld —s ().

Thows clearly € s somphom,  R/lectg = CUR) hlds.

(%) Gnee ben@@= I holils by © c/w}v holds.
T Let R be a ¥ing.

() T seceuwd. Tsmaphion. Thewesm fo- Rigs.

Let 4 be o by ool 1ot 6 be-an ileol of B. Then 448- {athsaed beB{ is a
ﬂo/w@ oF B, AOB is an ideal of A mw( (4+8) /B 24 /ha8) .

2) The Thind Tmomphon. Thewen. e Rigs -

Jot 1 and T be deals of R with T €3, Then /T s an ideal of RIT 2nd
(R/1)/(T/1) ~ R/7.

B The. Fourth. or Lattice Tsmaphisns Theoren. far Rings.

let T be an ideal of R- The formeloma(m’& A AT is an inclusion presersing bijection
betugen- the set.of ;Jm@; o 4 R that contain I and the st of subrings 4 RIT.
Fidornoe, A isan idal ¥ B A AT 6 an ideal of R .

Foit) For wbitary @.0°¢ A, bbe 8.

Sie.  (atb) - (a/1b7) = (a- )+ (b-b") hol ds,



B s chsed under sdbtaction.
And swe (a1b)-(2'+b7) = a.0/+ (@b’%baﬂ bb') € A+B , A+B is cosed under maltiplieation.
Next, we veridy A08 is an deal o A
By preins fact. A8 s o subing of A -
flor @a’¢ A, beB, &lath)= a'a+a’bel+8, (atb)a € A8 hol .
408 is an ideal of A
Next e venf/”v (4+8)/B = A/(AnB) .
Now, ug assert  #tb= atb" wplee a-a’e 0B
Lot @ A1B—> A[(408) ; ath > a+ 408 .
We vanﬁ, ber (= B.
YheB, llb)= 04 A8 ths, Be ker¥.
Voekr? be aiGc B
Henee, ke @ = B this, (A1B) /B =~ A [@aB)
@) Lo @ RIT—R/G > prTror+7,
O/fwﬁ C o ving homomwphism, we- asserd ber = T
VitleV+1 , W(i+1)=3+T €T ths ¥/1 ¢ lbr.
Vitlelet 3¢ T s, lecd/1.

Theetre, ®IZ)/(F1) ~ R/F |



D See13.7.4

G) 1t s enoush o m& AIT=B/1 anglies A=B. ol A=B gplies AT =BT,
51’7)/,,5&, AlT=8/1.
Yoed FbeB. mT-bt1, 2-belcB ths 2€8.
%Wé’ VbeB, beA . Hoee. A=8 holols.
Spe 4= B.
VatI e A+ 1 swe aeh. aileB/1. ﬁ/ﬂéraj/ Vil e8I, bt1eAlT.
Heree A1 = B/1.
Thoctwe A ad AT lus o 5 one eorresgondence .
b9 Lot 1 b an desl o R.
w7 - 14 i}éé 1 containe o wni. .
O Aspume R is concdative. Ten Rois o Pelol i its only icoals are. 0 ool R

Fos? ) |
(1) () Ohyigus .

(=) Lot wben ik of T with  such Hhat vzu\S* Ji= | then brrek,
re r(ear) = 0w 0L, Heme IR
@) Let ] be (m m(ecLL 5LL/D/)MP/ 7. , e\ {72 Sine R is a livisign rma

1/'5*&8105"!‘3 QC/?, Swch that 2= { MoreoVey,  Sinte— Lis an m(za/(. LC; e 1.

Hence , 16T snd L/(_;)/ R = 1.



&) If}m& el R are Owol R, thn bt Viep with w0, thn (@) =R “wR.
Thus, TS € R, unf =1 =l holds. Then, w wa wit, R ise Peld.
(or 105 R.is o Aield then 2y reniero ring homomorghism from. R into arother ring, i3 an )ection.
fif) Lot € RS le ary mnseo vy Irvorephon. whoe R aheld wd S i
wiing . Jnce Fve R with €070, kel SR .

%w& kerc( 84 Mﬁb{m,é b/ me? leer-C = O.
7/1115' 7%" r.r’e R nﬂ @) = ‘((i”) }70/0{5') =77 Ao/ﬂé’.

Fop [ T aving with ity every prper leal. s eorteined i mssimal. ieal.
Pat) Let Rbe a ying) with 'w/mﬁy wi let I hea proper ideal of R. Llet S b
the colletion. of ll e deals of R hich inclde-in 1. Then olarty S7.11

end S is purtially orlered by inchsion. velation.
for o chain Cin S, detine 322 U A e prue tht T €.

Fiirst. ver shw that 3 is an ideal & R.
Clearly, 3718, For ol 2.b€F Hhoe exists A.8€ C sk that a€A beB.
Smee. HleBorBed, a-beB o a-be 4 er&ﬁwﬁv. In either Wiy
a-bet , 9’7;971&/&4"/7 ab€ J .
oo, ekl vé R and 269, sinee eash A€ Cis an ideal, ra, ared.

Next, )’»ﬁ)f#& T is nit a/ypm/oer« W[eﬂ/(, V=K /10/0(9 .



e 4,05

Then, /e? 5o, o some A€C, 1€ 4 ho/&(s‘._r 77w_1'9/v /757370), A R thi
cortadices that is ploperdeal 7R ﬂamfm Jes8,
Thetre every chain in S is upper bounoleol thes by Zom’s lewma S Jus o
naximal. proper ideal 7 R ffla/ua(in@ L.
;%/;/2 Assame. £ 15 covmmctative.. The ideal Mis o mayimal ideal JE the guotient
ring R4 is o teld. |
bot) B9 @) assect R s otield ff on ideal of RIM s 11/a1 o RLM .
Andl by A Pt soraghins Hever, an ideal f R and an ideal of RIM fas the
conespondence. This prove this preposition.
Bopl3. AsmuneR is commative. Then the ideal £ is o priveidleal in R i} the quotient
ving R/P is an urtegral doain. .
/%,,}) ) Note. that vinee |2 is o commdative ringy with io(enﬁf/ |, the guatient virg
R/P is c/earﬁ/ 4 conanative ring with wé;ﬁfzpf (4P, Thes, e Have to shoo tat
Fis a prime- ideal # RIP has 1 sero- divisers.
) Let P he o prne ideal in R asd RIP has sero disisar 14 P . Then fr-some
StPeR/P . 4P 7 04 P and ($4P)(riP)= 0+ P hold.
Then. b/l, ($4P)(r1p) =047 Sré P gime Pis /er/io/eaﬁ, roS ep.

/L/DWBV(ZK/ 7%3 L’mmw(imﬁ? rtP#01P o S1FP# 01 F . Thus Q/P has no 2ero alMSoP-



© [ot abeR. TIf ab €P #hen, @+P)(btP)= 04 P. Swe RIP has ne
2¢ 10~ divisor L atP=01P o btP=01 P. This show @€ Pa beP.
lor 14 Asume K. is compudative. Every masinal ideal o R is o prive idleal.
Bt) Let A be o omagimal ideal. 8/ pp 2, RIM s o Fielel. Snoe every Freld
is an mf%zra/(, domain, 1;/ popl3, M i aplive ideal .
Tl Let R be atomomctative ving. Lot 9 be-any ronemply sibset of Rt does ot cotain
0, does nirt corntgin wny 2o divsers wd is closed undler aultiplication - Then there. is o commutatne
Y O with | sk thet Q contains I as wfu/)rinq ard every clenent P is 2 wid in G
The ring € has Hhe Hlloing. additoral properties.
W every clemat o G is of the rm vd” fo some reR and de D . In paticular,
FDR\NSo ] then @ s 0 el
) The ringy 0. s fle “smallest ””E”ﬁ tontaing, R in which all elements o D beeome
whit .
Pymb.) Lot = [ no) s5reRdle DT and deine the relatin ~ w0 b/
(rnd) ~(se) & re=sd. Weveily ~ isan e@um/eu relation .
Since- R is sommutetive Fingy C/eaviv (rool) ~ (r, () and (ra) ~ (S, e) z'mf/,;gg
(5.2 ~(r.d). fu7»/>u>o/ (rd)r(s.e) and (5.€) ~(6F) , then

Yéf’Sﬁ[: 0 ﬂnﬁ[ 5]9’*{‘9 5, (V@'fc()jp:@, m]p'ﬁ’é{}g = 0. Inoeover;



Sec 15

(rf-dd)e=0 nme eed, rf-dd =0, rf Ao Hee (riol) ~(t£) holdb.
Theiene . ~ 1s 2n eﬁuévm’eﬂé velutior .
Heredfter ﬂf/ﬁgum/aaé dess af (r.4) é)/ L Jet Q be the set of eqpivalent elass under
~. Note thet T =4 Fr ool e
Deboe e, addition and mc{ﬁ[o[ ieation on & é/

G g wd k- #

First W*ve,yiﬁ/ it Hese speations are well~ defred.

Lot =% 4l G =% ten sme ab=a’b and cd’=cd holdl.

(adtbe) b" A’ = adb'-d +beb’d’

= ab’dd +hbed’
= 2bdd" 1tbb’c%
= (2d’+be’) bd.
This st 0RTEC - EETE L

Al since R is s commatatrve. ring, ohiosly the mltiphestion is well~dlefnedl

C/e/m//, Hhese eperations are. conimatative wnd (D15 an Abelian grovp wnder- addition 5 + s
additive., tle odditive z‘zz/enﬁ}v s & /gﬂw oll ded . and the Mﬁm Invase 0% fZ’ is i;‘é:
And X is associative and. distribure. Futher Q has an iaénﬁ/w % forall de ).

UMJ@?& 92 (s a oomuutatiye hna withe K&ém‘i?/.



Nect ve m& thit R s embwé(m@ wo Q. Pefine e map Z b
1 R—>4 5 rr ff{ whee D .
we assert fhe fuctin T is well-defined -
e v,
Llrts) = ‘%%‘i/ - %—‘F@{ = (—%/1(“’( = 2(r) T 2(s) .
vre) = Al s ).
The, T is a hoviomorphisne abo i LUr)=2(5) then ginee o €D,
Lr-s) ~5 < (L’—%d - <y Ues)dEo < =g,
Then, 1 s (njective-, So L is isomorphisn: .
i by the First isomorhsn. thearem.
2R) A R/kert <R xR (0T ajective)
Jo /4/ m@nﬁﬁ'ﬁ eah FER with LK), ue e cosider Roasa )”u/)rité A 4.
Nect we show tht vy AED) is a wnirl in G .

Jor Va(é"g Sineee # <R = 2(,@). l’(/ms ‘f/;c ]ér:m %e 7% eed.
g[g

p/w

X Zf’/ T 2oy T ‘ - (‘9@’”’7/
w fmc‘o/ eacA f( €P Jus a 71/»«/[17'/:/1'446\/& inverse..
ﬁz:g&&és%x%} (;f)" % x %’ - rd” frall rer.ded,

In fuhcajar ;‘/ 9= R\ f” then et/er/ jon-2er0 chment H i & has a- sz{ﬁp//wfﬂ/a



See 15

inerse- .
Sippase, G =5 Jolds , thn de=0 sine A hasry reo diisor, =0 a
ontradiction. Heneee |70 m €.
Honee (L Forn the Field.
@ [et S b ny  commtaive iy with ie(ehﬁ}/ wd lee €:R—>S /xwl/ ving isomaphin.
sudh that  €ld) 6 a ik in S Jor all o€
betod C Ao i& @4@ a5 ; rd @)
Then, B is vell- detmesl sime i rol'= Se then re=sd so €lved =€(sil
L lr) le) = @) €ld). S5, grd) = B (seT) dolds.
We shao that & is ring Am/ow,»wf/z;sm.
D' +se) =3 ( tretsa) (ole)) = €letsa) ¢lde) ™
- (etr) ete) + €ls) «lol) ) @le)™ i)™
- YLlr) €)™ es) le)?
= @(rd)+@(se7)
ﬁ'm/a?/, Pl se) T @) B lse) .

// /50, 2 s z‘;(z)jce-fiv& T/Lu;) 2 s VM@/ hosuomo f/ﬁsm.
[)07‘/6 Lot ,€ be on ircfeﬁmﬁ ﬂ/mcm ﬂ/wé (et Q be 7%(0/'7%/9(/ J##d.cﬁang 070 £ . Z/ Y 746/6[

T contpins 1 fuén'@ /Q/ifmfw?}»ic Ao /Qﬂm, Hhe )%574'6/0( 0% bl aeﬁ:ﬁm&d/ & R is A‘Yowwff}n&



4 U,
P ) let €' R R by aing sovaphisn. Egely sove R'e i, € R=F i an
injective /Wmm]g/usm.
Extend by & }/ //c:fh,-,,@ $id=p 5 rd— @) @) .
As in prvias tharem. 8 is a injective isomaphsm, o by the [/t isoophisac theoresn
Az &() ( kerd- {o1)
Lot Xi= (V[ wesho the 2(A) = X.
Sinee, H >/7a,c}j/éc&/ >P(R)=UR)= R, dla) s a whing i
zndw/;,ﬁ, R, Xc ().
Kanym% J R Sime ReX.
$(r nt)=@n) @)= ¥(ri ') eR e x

Thus, X =8(&) ~ &



Sec 7.6

TanlT  Chinese. Remainder Theoenm.
Lot i, As >, At be ideals i K. Tie nap
R —> RIA x R4 x - xRIA% aéﬁm/é/ s (Yt Ao, vt e, - 13 A%)
ts a Vi/67 /797;,:9%70170776771 with kernel A0 A2 00 Ak TF ]‘grecwﬁ L)€ f/121"',k(7
with (#) the ideals A and A3 we comaximal, Hhen 4 e is sejective el
R/(A A ) = %Z/Z/Jnv/lmwnﬂﬂ) ~RIAx RIAs X~ RIAg.

f? )
\/\/& PMVP/ A/ /'M[u:‘hm 0% é ﬁif%’ Veki?}/ féar case 74" }/g = 2.

The pap YiR = R R 5 ks (rifreda) s c/eM/ gy
howoraphim and  fer € = Ac) Az

Thus, we have m// Ly sttt F Arand Fo are covainnd, then € is sugective and
AOAs = o As

Swe, Ao As we commina(, Mt R and (€ R, they exists 2ehi,§é€ Aa
quch ek 219 = . Sinee € h, 1= -9 € 1t A holls .

) = (24h, 21 4.) = (01 Ay, 14 42 )
Familarly, C(9) = (FA 93420
Now, P (Rihi, r14s) € RIA XR/da

Y(harng) = €ln) €+ €n)els)

s (nthA ntAs) (otpy [+4.)+ (6t Aun +4.) (A, o+ 45 )



(O+Al; ;/:z"/q;)+ (n‘fA'/D"Az)

(h‘f Al, rh“fA;\)

"

Hus, @ is sarjective .
ﬁinm’zv/ siwe- M A € AiOA o))vious/)/ holdls. ue show the reverse- inclusion ,
et tord Y as above.
for € 404,
c=C 1 = C-(xtg) *= 7La¢x'§z e M A,
This, A 0) Ax = A As Dol mm/o/%e, the- /Umajd P the h-2 .
Next, fw the- @enem/[ case , i 1s enauﬁh,z‘zr' shoo Hi anol Ha-As~ Ak we comosimely
74 we lave the resdi fﬁﬁm the case % =2..
Sie, Av ad Ai are compimmal andl 1€ R epch (e ]2~ k¢
the cxists i € At andl Gie Ac such that Aot = .
Simwe (x49)+ M= 2it A,
Lt A= (obag.) - (ota4) - - (et o) +h
= (Grg)th ) (ot A )~ ( (192t A )
(g A) Gt A (Tt )
(G- s Ba)t A € (A Ae e Ag) [P

M%j‘, [ e /-/2'/49' - Aﬁ e L+ 4;'/}3 /}k ﬂnﬁ( '/)W&?éfa- /4«*/‘;"",4&, =£,.



See 4

&r‘/g Zﬂé 7 lﬂr/a ﬁas’iﬁvc /bfe@cw ﬂne{l /et ﬂp(' /72022“ sz be ids jﬁmfaﬁw,on into
/Dowars pf distinet fm//as. Then

Difny 2= (54 /o3 ) x (Bh/pt) o x (Bt ),
as o n‘nﬁ So in Faﬁw[w—\ we /zaya ‘/Jm 74//.0%7&6( igmm;];};zsm o]ﬂ m r/y/n’em%ive 6mufs.

i) = (% gt )« (B3 oo (B [t )

ﬁ e ])/X', ff(t/ -“,Fi% are- /pmrme, re/a;&ivaﬁv privve,, b/ (%zhejp, /&%Mﬂ[eb %mm

A 0 ﬂ"/’Z{ A Opta = gt pt 7 K = n
poeover, 2/ & (U [ph%) < (B [phB) (B /g% ) .
To show ot (B/0H) = (X [p2 %)% (B/poz) 0> (H g3 )
W e m& Res)" = R¥%S, sis chously Hre exivis comaphen T
(0xs)" 45 RxS™. Howe | (Mpt3t) r= ([l )= lalpy Jrox ()
il sireer (34/034)" 2 (o) x5 (H /p8%54) ) " hele for mdriplieative g
fhe statement lolds.
This, we vgr}é (Rxs)X = R%x s J a1y g,
Vig) e R x* 7(ab) € RX S suoh that
(o.4)-(a.b) = (ab) (x5) =]
Hus, otd- x| o 9heby -l
Thes, 2 and § we wit of Loand S .
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Sec 8.1

fop | Every ideal in o Enclilean Bomain s /;;zc[m(. Moe presinsly, ' 1 is any ey
el in the Eucliclivn Jomain. R then 1= (1), whoe olis ay srzen dlewent 71
o miniwal oo
N Fa? ). I 1= 0, Yo asserton s obviows. Ths asemp— L 7 0.
. Lt A be any w1z clomont 1 o mivival yoron -
We prove tat ) =1 . %m,,f (;L) e I is obvious, ve—show that the—
reverse inelusin.
B [et el Siwe Ris an Eeldon won.?5.réR 0= 3L+ with
- A#0 and =00 Nlr)<N(d),
Nowr 1= 0= FA €T 5 by winnality f W), NOr) £ NG s
e gt hive 0. The 4° f4 € (d).
(DW/D2- Z/ 2 o b are wmzero clenect in the commiviative n’n@ 0 such Het Hle ideal
g,oﬁmzw[ // @ gl b oisa /)n’ci/m,( dea (A), Hew o is a ﬁmﬂcfﬁﬂé commen
Apvisor D?ﬁ a ano[ b.

i~y
Snca. ()7 (2 b) blos, () cl(a) agd (b) < C4) hid.

Thus, 7%» some. 1L zeng/ LUI P £:=dz anﬂ( b-‘y(ﬁ e, 5(/0/ AM( l(/o ;'wiv.f(-
- let A'e R with d//i ﬂnﬁ{ ﬁl//é Hen f/gﬂ/%/ (a) c (&(’) mﬂ( (b) (/@f'/\'
o mocoer (4 b) e (ﬂ(/) . )’{fnz’e, d //0( /70/0[5'.



Thentre, d s « greatest commien divisor b a ad b
fopd. Lot R bean integal donsin.. ¥ tuo sbments A and L' o R gencratea Hhe
e pcipad idea(, i ()= A7), then d'= wd Ly somewnif tein R
Lo paticular, i A and d are oth greatest conmen diviors o & and b Hhen
A= wd o some wnit i .
/D;,,,/ ) I/ gither A(=0 or o’= O dhen the rsdt s sbvious. o asume d#o
wd dFo.
Smee, de (A7) Txep , d=g'o . Ako e A€ (), o= dig for some
9. The d-dgu ic. dli-gx)-s. |
Sinee R has no gerodivissr ard A# 0. we must have Gl ths,
2 wd 4§ are wnfts, 50 the Hist assertion Hllows .
Tt Jot R be o Fuclidisn Domrain and let o and b he nensers element o R. Lot o
= Vo e the last ponzere vamuinder in the Fuclislian /4/60ri1‘/lo)t b 2 and b . Then
() dis e greedest common divisor of o angl b . Then
@) the /}lﬂ//ﬂ/[ ideal () 13 Hhe ideal 55/@%@( b/ & wpl b. In /mﬁeufar,
A e be writen 25 an R-linear combivation of @ and b, re. there are

9/57/1ﬂ¢fr76 nm[ @ n K )w/L that A - aAx -tb&l.

Poct )



Sec &1, &

I (2 holds, by prp 2 e ave d 18 the greatest camman divisar Ak b
T, Jor (Dad ) i is e;m(7/1 o oo Hat (d)= (@ b).

Sivt e pove ot %Vt wd n e ]4‘ Aehon-t--, | b/ snoluetion .

5/ the (n+ 1) st e;mﬁon in the t'ua/m[ién /)léori#;m Y and c/eﬂr// Gl .

Thus, it is tee For # = 0.

Nowt, we assume 1ol Vh and % [1ii . By the (k11D 4 equation.,

ey = B V47 Vet By asswngion, theve ensts 2L wi G ol il 1%L, V=T
Thar, Vit = B o2t 109 = (B4219) o S0, 1ol 1.

Howe, Vilrasr and 1nlva #r dl B
Now é/ the (3¢ a;uaﬁow, Yol b and woeover 1ol & thus, Fnlb wd Bl
This assed (4. b) 2 (d).

To pove. that The (2.b) . Finst show that Chr, rh € (2:5) fr k= L2 pn,
k/ induction . % the  Qth e guation. 17 = 2 Zab € la.b) ,and k// the |2 equation
s b- g elalb). Thuthi ww,};, Z=1.

Netk weasnne Tt Th € (2:6) . Then by the (K 1)s¢ equation
Fhtr = Vit - Gy T4 € (Fev Tk ) € (0. b)) Thethe, Van € (2:b) olds,

wid Aerdoe, () e(ab) . (n)= (24.4) holds.



/37:5 Let R be an /'nfe@m,( domain Bt ismtafeld . TP R s a Bclidesn Domain  +hen
there ave wiversa| sl ﬁﬁvis’érs i K.

bod ) Lot £ Jea fuc/i;'/ean Dhrean vith vespect » some mom N anol et we R\ B
p}[) Wzini’m,({ horpi .

Jir #€R since Ris Fucldean dewain there exsis G c@ suoh thl 2 fuetr
L 1?0 ad =0 o N(r)<N(w)  helol.

I/r‘:o Hen 1ER

I;P W) < Nw) ) ’/‘mnimft/i}/ 07/ N, v ER\R ths, re R .

Heme, A= ?-Lo e LL/%*V“ 7£r ch”e;)’é,@



See 8.1

f??é Let R be o Pn‘ci}pl dead Domain aod 1ot 6 aod b be non-2e00 lemente o R .
Lot o b o gerenter e the pricipal eal geneted b 2 aodl b Tien
(1) d s a @Veaiezé conznon divisor 07@ a and b
) ol oz be witien as an R linear combinartion ﬂé a ana( by iie., the ae elemerts L ﬂ*‘ﬂ{
§in R with A - axtog .
(1 @/ PP 2 Dbiaus sy ayert .
W g (d):(a.b) R de (.b), ohiasl holds.
G 5/ P 3 wan) )657‘/// polds.
frp 7 f\/ar/ neizero prive- idoal on o Bincigal Ueal Tonvin is & monimel idoa. .
Fnt) Lot R be o /fimfm( Leal Domain and et ¢ ) b a v 310 prime ideal in R.
Lt 1= (n) boany ideal of R swch tht () = ().
We. show thit ( P is o omimal ideal ie. T7(P) o IR
Sice, € ) reR prrme and wmeover since (0 is a prioe ioleal , either
re (7)) or mE€ (/ﬁ) Mmupt /;a/o(-
Jj/) (m) < []:) #o L7 (p).
L re (p) then thie eis SR suh that = ps
S pormes pom anol P is ben-dero dvisar . Sm = |

///m;, N s wnit jaél/v /0»7»77 ()= 1=K .



Go8 TR s ary commtative ving such Tt he pyymu@( ving RL21 s & Fn‘mi/w( Tokeal
sin. (on Enelicean towain ), Hon R is recessanily o Feld.
5’”70 ) (%) is the mn-ser0 prime deol in RE2D Hgy by /»77 () is e 2wl ideal mever b/ T —
702 R0/t e the Feld.

Mo, it 7o enou@)ufv Ven"zﬁ/ /%‘—7/(1) 2R

lot O be Tle Juction fen R A0 R i asy the PO e p1)- Thow clocfy € is ismephi.

wd ken V= (2 o ’& frst isommphion thoren, R/ 6) = R —
Thensre, R Hom the Feld .

B Th wignl donain £ iva .10 i R ko o Fudebind Hose s (The =
il be poyed inthe 20 14. )
bd) (&) Sigpe R s . Betokid-Huvesam. N - ot T be cay - seo eal o R ol
et b be o sy sloemant o 1 sk that N(b) s nimal w 1. Then cleardy (b) T 50 e
shuw invese. inelusion. - |

lt Yael. I 0=C thn (0) 2(b) 5 asme 470 .

Since Nis Deolobing - Hasse mn, € (b) on e (ab) 270 wd 0<NE<N(b).
% sl o N, i letter~ bolds contmdlels %0 241 by A€ (@8) then 2 (h).
Tecte, 1= (b). | |

Fopl0 3o on ingul doain . prine- elonort. 13 abays inedcible.



See £.3

N ) \
Bt Let v Je a prime clemert, with 2b=D. Then abe(p) ths, @) =(p) or (b)=(p),
Jor sane. v 4=pi holds Thercve P ab - prb. th rb= [, hir a wnit .

T L[&
] Aus, f/: Imgd?w, i
ﬁV/D}! Jn a /D}MA'L/%L( Jﬁ[m{ %ﬂﬂﬂi}l QA Jph-2era 6[;4"*9‘-'6 s a Mf' '# ,'7& /‘/_é sy { EZLZG.
It m)?L:) Pleviaws Heoren. asert prie clemens 15 ineducible . Wo Show Coﬂvwe}/ pposc is
meducible . Lot M be oy idleal cvtaivg () with M7 (7). Then b some 1, p=ron.

ﬁhéry 70 is '/}«yezé(zi“e, roor 7L 33 an wnk f};a:{ oy (?}»ém o (f>: (Q TAis Asserd ((?)

s & mAx el ickal . T Grl W (905 a pine deal. pi1s prime .
/ , ¢ Frr

ﬁaf/l. ha Umgw [hctorization Pomain a rmzero clment ' a e A ik 15 imedueible .
) By 10, vy e sem v clonast s el . W shon cmesely gy p s el
o]p O R We amnd 744,55@ ab € (p) mf/m aelp) ar belp).
/Cuf/»;u Abe(p) hr abel ten ab - re P some 1.
Jve. A heR. A H Pro b= G fm with cuc7 7 mz}g i medicible .
Frve. O - i wel Fis ineducible, pis awotiale Lo some Pior Fi o ie. Prup I
wnid 4t W./‘a. Then e (P) = (p)  Jolds.

748‘9797?, f“l: 4 prime ﬁ«é?//f/af
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Sec 7.1

%m’ Lot B be an integyal domsan. Then.
o degiee. P09 = degyee ple) + dotyee 80) P, B0 we ponzen,
&) o wnids of KEQ eyt e witof £,
®) RL 15 a0 integal domsin.
ﬁef,z Lo I be on ieal & the i R wd e (1) 1121 domte the ideal o RLx2
gereated by 1. T Rp2/(1) = (R(1)[22.
L tcw, 7 100 pine deal d R thn (1)is a pie il  RED
Ful) Lo @0 R0 —> (R/1)[x] 5 2%t 20 @D % - T a/mr§ @is

0<En

m;jwﬁve. We asset € is m@ %07/‘,-9’,;.;7 L:)z':m;z

> f = /
¢ (20t +20h ) = O 2 @ithi)ri
DELEN o pEEm
:3 i
T2 CQitoi)t T 4
PEigm

=20 tT)m + 2. ml)zz ‘
< o 1L

(Zxﬁt M\Jf L?(Z_\}n%/

021EN D €on

4\‘

YT tia - Tibi)= @ ( kZJ (5, di bpi) 2% )
02 H <o

pSign 0<i<on 0L it

= 7, (iﬁ?i‘z‘x{»i)‘kl' 14

044 Ly 0L
= 20 Zilaib-it1) 14
DEhEpimn DELEK
- Z 70 (847) (bgit1) 14
DEh<rin f ;é
7:\ Jrl/u Z(iv)i'?z}'li

0€ i<



- %(ogilm-xes-'z(%;# 1),

Thus, @ s oy %mm:o/)zm. And c/w// b = (1).
f%m tot 1 isa pinc ideal f/"’ o 15 RIT is an ingyal. domain, 5055 RIZI2 . od oo
previaus St RE /(1) s also an zm‘eamf obmain,. Ths, (1) is an amﬁ»af domain. h

3. Lt Phe aiéie/al The /m/wm(, n'né FIxd is o Fuclisenn, domain. 5}@%:4/& '?b 4(x) Mﬁ/

W) are Aug /aa;mm' s LD with b amsan, then ow we- wwige- §0) andl i) [
wh tht Al =FbE)T rG) ath ve)z o o »/.%mg r() < dbgree biz). -

/fnf/ 7]{ W) =0, take 4C) =re=0. Thus, assume 40 #0 . -

let ni= 0% Q(x) a;';_ccl m = o(e@ bix) .

Zf n<m, take F0) =0 and 160 =4G). Then ve Tave Hhe. result.

I n2m, vepue by inductiz on . Wite, Uz~ lo 4 A ey, and BB = b4 vy
Mot thot Qo b %6 .

When, 720, a(o) = da m,f(;/ man, b6 =ho ¥0. Take §60 = (1= 4.5 ) wil
Pl =0, tpn al) = 260 b(w) +1 ) Holds.

i w0, Lo &' (0= ato- % 2™ hl), Thm oleg ((2) < w/e% Gt =n, ,ﬁ/u snoluetion
. re) 276 = F bt 16 with P6)=0 ey 160 < deg ble)

Moo, vo define 360 = 364 ™ thn, 2(x) = B0 bt + () hpe 1) =0 o1

A/eO rix) < 0% blx) .



5)& 7 I

Nedl, e ovethe wigeness. Digpoe . (0= 30 b1 () = §a () ) a ) it
h() o or olcza h(x) < 0(‘6 b, ad =0 on 1alx) < dleg b(x).

T n)# 0 ad 1) £0, we obtain 6{36,( ($:00- §a00) bt ) :ok@(mu-mw) <0.
Home, i %ex) - %) is smzer, 0/061 ;’ﬁ.zx)—gzwjuﬁu,w) = oley ((Bw-%0) bk )< o0,
o todudition . The, 3:6)= 3260 maeover, 1300 = Vs . Theother cases ominile the pres? of
ths case .

(a4t I;/";',j a,r#‘él!ok‘/ Hon FOd s P10, apdo U1

bud) By pevos thorem FLx 1 Eucliokon domaine tha. 00 is o 113 ol o UF A,

Fp5 Gauss's Lowa.

L R bea UJA with heldof fretonsation Frod let pwert=, i P is reducitle
n JID then g2 is seducible: n RUD . Moepecidy. § P = 460 B6) fr some
honconstaont ]paﬁvnma/fs A6, BGO € FLxd, thn thoe we wnzers clmetts 13 5€F suh at

rdt) = alx) pd 5867 be both lie n RIzD anol /wym aln) hlx) s a ]pac-b;,.zmﬁian n
Riz] .

b)) Sppse p = A= ) ke A6 il B0:) we sonvid ;e Fave the Hrm.
00 - (g;n%f%i ) és%mféf Ay ) the B 2= Co Cove s (- CFCle v - Co €R\F),
4 {ORN MO RN & for some. 260, 60 RExD and nete.thet 810 € P46,

I de R, forsome o, P A" 000 ) (x)  The P is sedlacible -



Y A €p, Joee Ris VJp., d=p- P, whoe each Piis iwedueible o R
@ P § 12 each, (pi)is prime icleal, then 1/ 7)»0/>:2, (p)[x]isa e iddeal | Hence
L/L pr 703, R / (pi) [x2 is an f)ﬂeﬁmf clomain .
Now, é/ W, Ot Ix] = (&6 b'bo)+(pi) ) = (060 + (p0) [22) (beo+(p) 3). ~

Do e assame, @'Goe (PO wol-og . Swe 27007 2t Vi 2 wd Pief,
. 0Z4én

PR pt el e RIKD e oeveny

Thoche e ® e mbiphing Prs o Po fom JeFl e e P07 006G, whoe
A = Poo - BR) CRET pl B DEREF. Thu, Q)€ AR and peoefiBO) T
e 200wl b6 ge nonunit.

lrd Lot Rbea VF D, he [l v Feli f Ductimsawdd let Pl € R IxD - )ﬁhf/?we e
?m&ée% commors tiyisor 17 e wetheiads o 71(1) s . Thy 7/(::) s nedaeible n Rixd it s —
mﬂ’mh'& & Pl I, /wimém {f 7/(0 is & manie ?04/1707//&(1 wat is inecoible in R[] | Hen 7J(z<)
b inedueible n Frzd .
ﬁ»f} a/ Causs's emma &) 1o o,m,,fez&y We pove the-conversly L/ tocirapaition . 3
5/ Avinption, Yat), h) € RGINRS with ok at) blx). Sowe the g ed. o adsian of —
1 |, the g of et o 46 nd L&) we | This avent f aGIER, 2t = .

Téus, 6, b0 e K&D\Q wmeovers, 60, L&)e }"'DL:)\'\ /:X this shovs, P () i nfo(u:i“e in
7

I'(r).



See 93,94

T Risa U.jd. # RRI sa VAB. .

b )
(=>) Zétﬁ /;*= (R\ 7”’2 } "R Le,x guoﬁené 74‘/#/9'; ﬂn@l Jes 77608 E[ﬂ\ (i'j‘uex}.

Since, the 5.4,;{;»{, o ol weflients F $0) it vt | thn e Twe peo=dl-p'x) and the
ﬁﬂp/ f ‘7‘"(1.) o | wd e deR, A Jus the igue Soctorization. Tha, we assume that
the g.c.d. ? pe) w [

Sme, x5 a O]9, pe has He wrigue factorisation A h ) e () in ).

B/ Gauwss's Jewwa, T G e PLI0, & fi e RID fr each @ andl, Pl - 8 6

o BP0 Siee the a.c.ﬁ(, of sl coefhoient of i) s /,// Crnd, 9 Filz] is

weducible in Rt . Hewe ve dhtain a ]QC'I‘MMﬁDn.

Nexi, we shons the wigue ress Sappose. thet oo ts factoisations AR A wdl 700
S G RO Then sinee the ged o all wethtiont F p) s [, by Gré. i (), 3 6)
ave, imeducible m PIx1. Jie , PLxd is U . 9., hem wnol Filx) = wi- Fitx ]grevéi/
fad 1ei= 45, ae bi eR\fo}. Spe ai- i bi, by B3 Tofc €RX, A=l b
Thes, i is an anit in R . Theavent o Detoisation of PO s wnifue, Rl iow UFn ..

© Lo re R\J0 YR ) foce RED s 0Fd), 1 e the wnigue factonisation fite)+ ute).
P/ 0= »/ezb(*“) 2 deﬁ(fbd)*“ ‘*”%(f/:(ﬂ;’, oé‘b(f;(x)}‘f Q ,ﬁ(x)GR\H"?UR’ ) ;rmr/ 7.

T/m;, 7%(;0 is r'mwé‘cif;/’é-



o8 3 R e ULg. the wplomal iy in e sehnsy unbc o wiabs
tocflients in R is abe o U-J 9. |

o). For o plymmisl il ily vaishle, Rt . 57 keone o U- -9, by i,
using Hho /. |

B, Lot ' e o el and et PCOEFLx. Tho fw Jas . Shctor o degre one Hf pe

/I(zsa/)'va)f in [, i.e. there is an AE ) yith f[oﬂ)

Fﬂﬁ!)- 5/ assamstion , /’[»J s the 74)% (&, X,’f Be) % (=) whoe Bl € Flxd, d,éﬁ\{D}

4"0( 47 C"/E; /6’7!; "is a #ﬂ//[ f&) &, ;[1) / xZA g: 7‘,/,“,‘, 77 (— %é: 4 =@
[)wwery?/v ‘ fuﬁ;aie ’7026/—’; 7(00 =0, ﬁ'h:& x-d e /:'[43 m;{ /-'[z 7 s facl:‘d;gm(,
éL/M//m'ﬂ, ;Z(JL), ré€fixd, f("/ - ?(%) (2-d) + 1 . Thes, pince 7’(4) =0, r-a

Hewe, pte) = 60 (2-d) .

77/%; /0. a//mm,( 7Z ﬂ/&@me o or Thiee over 4 7%// /’ is rw/a.ab/p, /'Jév i ﬁ/ﬂs 2 yeot in /1

Foit)
() 943&6& D,

©) Lot pio - ta Lt tntto wth dae F\fol o diefii Sinee pis
vesleible, Th6. fore Fma\ | 76 = it G . The by 2 oleg (P10 =
/{e@ () M/ca (/;()0) ) a[ea (fiw) = ( flmé/ previous. peporition  plx) has yoot in fi |
) Smiler by the reverse in previas. papesition.

W ﬂ/eﬁm 3. Minile the com o the /’”’f'd o ”éﬁ'“ A
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Pm/:/ | e /“”(x) S Wt BT A Ly e fa//mmia,( i a[earee, n with nteger
Cae#ioimfs. Tf ‘sté @ s in [owerk temns Ci.e. rand s te/az‘ive}z prime. fn+¢@em> am(
£ i 2 yort mp Zf(x), Hhen 1 diviﬁfes He constont ferm am/ s divides e /mo[:'ne ooe fhivient, oyé
/'”(x) : ’“/ B mmd 5 / ar . I Faﬁa«/ﬂ*‘/ k4 /Wx)_ is & ponic poéz/,vruia( with integer oedients ana[
f[d) 70 74 2l integers p/ c{ivia{mﬁ the constant term »?D LN Phen /fh) Has_ vo st in @ .
bod)
(Finst asrection)
fine, 0° T(?r) * ln (’?)n*‘“ t o (%)t W:m"ﬁ/"ﬁ/""@ S" then ve %aye;
0=ttt Air S+ 3 vmeover, La-¥" e s = (a4 ST,
This averks (Gn 1") € (5) anf simwe (P)a(5)7 | e fave (@2) e ().

)r’)bmb/wf/,w;w VW/%M& 4,8" = v = (gap?'4 -+ A $"'), we have o) e (r).

( 5650n§= asserfion. /

Sugpore. mets Pl Joo wots 4 % @ with n€R, 1 3\ 303 |01} and
P92 0. Thn by Fose ssvedtion ve ohtain, (&) @ (1) and (1) € (1), 50 13 =1,
wil by womeaghon P.071) 20 Howover, pL1) - P(H)=p(3)= 0, 4 contudicton.

/2,,}, (2. lot T be s poper ideal in the integl domain R ool Lt e be o naneonstont mmic

plyimial v RE1 - T the image o poo on RIDED s e frctred in R(1) 122 o
Two /)07}%.@(} d smoller dhgie. then pl0 i3 imeslucible n REQ.
Bt ) Sipse that P 1s. imeducible n RTAD, ive, ¥ 862, boo) ¢ Rxa | R with

7’(%) = Az 27(1/‘» /‘/ou,, we {n‘cL 4 () M(}( }7(1) 43 monic am&[ hon- corstant .




Z% ln andl Lon be 1he /aw&rﬁ term of 40 angl b(x) , mfccﬁve//v..

) monic .
Sine. Gn-am = | . f(n) = Al bx) = &n( 14""%“ o) b (™ b:’im'* ),
= (2" a'”x doe ) (At A )

W) non- tonstant
Dnce On-tim= 1, Qn, tm € RY . I} 40D ER then, Ab)e R\RS ad

Al) = On, a ;’on+m0(ic1ion.

Thus, we con ficé A (x) angl b ag monje and yon- eomstant .

Sime, 0 15 a ying %mmwf/i,m, ¢ ( fw) = {aw ) CF(M"U , moreoyer,
oy [ €t ) =ty [ €0a0)) + dog (€Co)) ths assent 4 (p) s o Jrctori-
2ation o?é two fo//;zmi@(s ,}é smaller o(egme. |

/977/5. Eisensteins Ciiterign

Let. Plhe a piee zc(w p;‘a he i'rleam( dhoin | and [ P> = 2" Lo M4 + Ly vln, o fa}znw@{
i RCA) ( %gm, w21 ) - Sfeffafc Loty fo tre ol elewats of P ad suppse Qo is not. an element o
PP Thn F60 is ivedwcible -

Bad) 3 sty F0) das 2 o 460 bx) en 462, 50 € R \ R%.Js we Toveseen in petions
prpitin Lt 4060 —-ogjka/i 2t el b 0%4@ 02 ith o d 2 gl Akcfec

Losider 4 map Wika— (R/p )xD 5 2 bini v—20 @bi) % . Sne @ s "/pf,,r?,..,?,y_

2 (ditp) 2t )| 7 (B;+p) 23 )
Mk 0= <£

/ , . /
g %7 fo%bl't’/zé a}‘) ]P (") Zué the /mﬂ'@ tarm is in. P, 1" =
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7f./ﬂ;over, ve e 04P= (\o/a"f.P>((90v'+ P) = ohfot P ths. ob fu@ P ond siwe ‘f)"o“ prime.
hePuw el V. Aove Yol do€P wiloog .
Sowe mz2, 01 P (dhtPIGitr)4 (dhtp)(B47) = 01P)4(dfotP) the ve
Tne. o/:(@eé’/D, this avent oA CP on o P Hovever, / ﬁoé’f), Qo= oo (o€ P°, 2 comadiction.
Thas, A1 € P, 1%«8/'» ductive. stepr, we Jove dicP Bri=l -, k-l .
Nowo, hre. coefeient o akin fB s \. ogﬁ—;di (31(.;)'*!‘9 ) + /ﬁo + P ) e, /3» € P, a conta-
lichn,
lorl4. th/s Je o prme. i Y and Jer }f(l) = A Q"+ Lo € X[X] ,mz .
57/%& ? dides @i fom all Ve To.t, =, nt 1 fut that 7 thes notdivide Qo. Then 09 s

imeducible in both ¥[2] and @D

A ] » - y ya
/D)E’O:’:)j ﬁ/ﬁ’fwot«? /‘-’mm, f(x) s Wt&/twiol’e in 202 dnﬁ( /)/ O 8 tae ame > e in ép[xj_\
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B FoplS The traieal eg’g;(y in At are the ideals [ f0) @mm&o[ L/ ineclucé ble. polynonals 76 .
T Teptinden FO0 [ ($00) e sell W $6) s meduible.
/b*”%/‘ . Sine s o Eusldean domain, exery msinal ioeal is pine  and euery ineducible 1s prme
He Prst asserbion Wl The- secomnsl aertion olls by /;["3/ () /“Sa,z‘ﬁz// 7 (762) is masmal .
fld. Lot §6) e momotmt hnrst o 53 wd et G- fi)" ARG Set™ de o
]ﬁctwimfion into Liredueibles , where Hhe f; 60 we distinel . Then ne hawe the 7@//:»%6»@ Isomaphisa. a;phlgs‘i
s /(@w) & ﬁ[ﬁ/( AbLO™) x - x /:'[xﬂ/( Ao )

ﬁ”bj?) ﬁm& Kis P1.9., ﬁ" 17),ve fave 2.0.d. - /i (’OM/ 7 (K)nj ) = |, we dbtain
0 é) £

)

(f6)+ ( 75 63) = (fw) B ) = (ged (£, f607)) 2R the, ey
e [m;‘ﬂx}ﬁm,({ . ﬂ:evagrp/, é, C)/thej'e &fmw@r theorem. e %nvc the éivm I;ofmo»;d:ison .

70‘717 I]'A He faﬁvhom?wﬁl )‘A@) %AS vosts ol o, di m/r, ( it ncwxm// p(i;ﬁnaé), Hhen ]e(i)

— %43 (z- o) (- 081() 4s a }%Afm». In fa‘tit‘u{/a.r\, @ Fo/yhoam'a,(. o]A ﬂ/e&ne N in one yar le over

~ ]7/)6/0[/g fos at gmest T seots in . even counted uith, Mw[f?r/fcir/,

ﬁ“f/’ Both o?é the assertions dlgi’iV&él fmm P"?’?'

Y

)

. /J ﬁ:z’rfe M)vgvouFJ e élxoc[ftp/idﬁ7va e o?b a #el'o{ s e c[ia . dn mﬁc»»{'ar-, ﬂp [risa #"He, 7@40[//
ﬂ}vén 7‘4& anll'fip/fc‘aﬁu @m»f /r'x#’ Nonzeso e/@:)ne/sz eff v oa c‘}/c[ic @;mf.
/?’”/ Lot / " Je %3‘::;"4/ i let G ;/"y Je a Zéhfiz; greep i/ Hedscaiell *ﬁéo‘/ ’70

7§"1’f7‘€// ﬁfllt"ﬁé[ﬁ; /%e!/au ﬁ/wf’ G4 3(/;7@( X"‘XZ(//}'H:(}( with el e[



Now, }/ Zﬂam;gg; heore ., 2 ol divicle oder &£ Group H, H eorting e than o r?ucufs s
A elements o% oreler divid,infc, ol . ﬁncc, hk ] (E/m¥ | foall i, each 3’/”4‘3( rontwing
e elements ¥ orrler- 1[ivi£/in$ nt .
If ko1, 7%” fo//homm/( X%~ e Jrix] Yas e than ’7%‘: yeals %ﬂﬂoever\ é/ /}?17
vests of L1 is fess Hhan «.»gw.zé ds ik T %1, G oeyeli .
fm/?, Let 2 Je a pime - lhe 4"“(};?/;‘59,«‘,/\/& group [3(/7)3/ ) F musers vesidue elasses *
%wa( 7) i C’/C//L.
3:»71/ C,S«"(g 2 /772( isoa 7[i/1'de, 746/0( , this %//pw fbwn-, I;)ev':ouo /’wfwrl,fwz.
(or20 Lot 122 be m integer. with factriation. " 77/’]" AR frdv\ i XK, uhere P P
e Aistingt primes . We ’/uzva the J/bl/ouiiﬁ OB10r P 1S9 ozp Wlft{/f!;p/fcafm 6)0?/,.;:
WD (Xhx )"~ (Xfgw ) x ' /fprg,( )" '
2 (% /20(3‘ / " The {’I.}idi :ﬁ/m:wt’ o)/ a c/c/fc §rop of . order 2 and, 2 t/c//‘c i o arder
242, fé}» all A22 .
& (% /77"’ %) s a (’/c/i,; frrcp F ovgler 7’””[7’-0, P 2l odi] prines P

/‘/n’r"‘ /
(1)

Fove in /’)cy 718
(2) C/fp,d}/.

@ Yinjile the satenent. o Q.
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Tl Hilhats fes tenen
Y R is o Nachesasc vony o so is polymmil iy RL=2.
/L:vo") Let 1 be an }p{/;.%z OJPR[xZI wi Jet L= fﬂéﬁ 5 &2 oy X7t Ao € T z Now,
we ek )i i om i R
()/&ri/v_, s hmemf-l/. Fom b€l pd reR, ;/)(x),‘ﬁ(x) ¢l with fbos 2™, §bo=
P e 2" 0, R0CT e (a0 500 e L gl the meiciont £ e
z’/fﬂc"*/"@ femn is A~ b. Tha, 2-b € )i, closed wnder subtiaction and e reR, ael Sarel
s o}viozd" 7/;6'(;};"6 ,;1 is an ia[ea/C 12'1@{/ Singe Q, is /(laafzen'm, L i8 ﬁni{ejy @enméep( P gr A,
fnel, L= (an -, tn). N }ﬁ, nch ki€l ths ngi @Wel ith dvm ﬁ‘(n%az-x”"
t o ol feb N=max [ misicisnt
For each ol )P”' - N /@}477(; b = fﬁéﬁé aat4 el jicx 4{2 angl eac% Ld s
w ideal & R Gnee Rois Nestierion, Vel T bdi. bda. - bomy . Liol= (bdi, bda, -

\ . \ | .
band ). Sowe for ety bl € Lid thoe exsls Ti (€L with o Foli ()= bli- 270

b
/

Now let 1" be 2 ideal 66"6’&580; 0/ {'791 (), >, ]Pn (1)? v f 7Po(i (x) ;0¢d <N-1, 1¢7< m4 ¢
arw{wayremé I=II. I’c j s ulé’ak. ?wﬁ}qy&‘ I ¢I/, /gé /o(l): 4’161‘»“1 Qael\l/
WAM%, %45‘ 54}/."{[(/[_96 p[eﬁmé n Il,l/.

1/{ ez ﬁ‘m"’ Q'G‘/’J= (G~ an) we Jave &gleJ rea; %ké’ome rcek .
“iEn
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and 960 Tas the i XA 5o e e F09-300€ 1 tndl shee §0 €1 e obtain
/)(") ¢] ,, o ﬂanfm.c{idiun.
If ¢ <N finab)PGZJL . fb %{U 'f":l\o/ %a‘n; ]Z e bc‘: ,’,Llf,& F‘/~.~/ Fome, erR. . o
£iéqm,

let 4= Zi».n ' ”Cvo(i Jpali € 10 1021 thn we fme 112)-90 e [ [x], -
Noo, 300 Jas tle o A Xt~ . Ths we e dog [ 197560 ) < degg (J00) and
J-%() 1’03 ingles 7661021 Thoreine, F69-96) €110\ 1'[21, o sombraddiction.
Hewe, we obtacn 100=1'03, R is a Noethetian .
(or-22. fx/e7 ol n the foé/ymmln/( riog Flts 1] with  cocthiients Fom o Rl [ is #mrc// -
Tm23  ['ix 4 monomial Orz'én'n% on B[ (2o 2n] and seppose 190~ %t s o Grobrer
basis r the nmsen ideal L in B . Then -
©) Every po//mm( FER o ke witten wiguely in ihe b 7= F1 40 whae f1 6T ol o
her12evo ﬂma/wnia( Term af t&e, rrmmc‘nﬁ/er; rois a-/ivisi L/e 17/ ﬂn/ of’r};z /w[ih@ terms Z«T(@I)» Ty
LiT(%).
@ Bh fy wd 1 oo be (’mfwteo( ):/ ﬁehem,(/ /;o//mm( divisin by B, P s {W[eft’lb' -
dent. of the. o in wheh. thee. polyroniats are wed i the dusion, -

(5) TAF/ Pmaim’(fr r /ina{% @ amig,ae/ mrwmfaiiv& ,fr the. cofel o)p ' 7{) n -l}n Z,uorfenf, h‘na

/7[7&, L, /I I Fafffw/gr, “(”1 ’r# r=20.
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- Foc). ) b Gerenl. /Z/ﬂmbﬁ Dision . An L €R. thoe aiste % and 1 ek that
S ARE T ENET AT MR WV S T ERES
5»@:0%,3]?1', rowith frire fUAP e rar= 7?1'“ f1 ¢Ls,, bT(r-r') €4LT(1)
= (LT(8 -, LT(3w) ) . Note that tvery elomert in LT(1) s the form Igmfi LT Gi) with
. FieFlr-,%7.
= If PR, sime Fand ' ave som of moromial terms rone of which diviible Ly aay LT(8:), 50
is For’. This commdicte r-r' € (LT(9.). . LT 9m) ).
&) We M)/ seen the Birst asention and the secowel asertion 1s by 07
D fove fr61 ue e Frr md T ol Pl Frec s ohiouly.
ﬁv[n%{' Fix o monomial on R=F Lt~ 2] amf [e€ I be a nomzers icleal on .
W17 8 o e olorsnts of L sch ot LT0T) = [ 47030, =, LT@0) ), the
T2 8] wa Grobuen s A1
- ) The woa T Js 0 Groboer boss.
Bud) © let B, lnel wah LT(T) < (LTLR), -, LTlow) ).
H iy enmgh. 4 s thatt & (B, [or }‘05 I, Z/ Gerens[ ﬁ//mn[ didbon. , { Fas
the s 20 B Pt Bue re /-J‘Zg;-;g €1, we fe LTE LT(D)= (4T3, L1(&))
I<ism. e

Jf rio , AT(U#O , & contradiction . Hm M;%m/a r=a, 7f € (B, -, én/

(D) [fist we aset the 74//0“4_"‘& ,



Zat 1 }"« an io(m,é in f’ziu“‘,’x«] ﬁvenmlee(b}/ some jeb S. Tl»en, wz‘[}n'rfe,&oéwﬁ 03{) S

5&&&&,1.
B/ Cor 22, I ‘ﬁhrle[y 6fh£r4iea(’, 1= ( ch, ) f,m} 7£}" Some /i € f' [xe.~<md .

/LZ'”&‘-’MA Ly Senee ][Oiél=f'[1u ] S ue %avo 7/5 —Z?‘J&Q ) 94{'}7‘G[’[iuﬂh] .

14 8 m;

ah/( 59‘68’ 7ﬁ~£v£72

Then ]ﬁr\ T = 7’ Sej 5 | Sism , 152 m; () we ﬁw/, Fle%ml §=Flzs,  tml T, )

Now pove the nswenfion Q) . MNote that AT[Z) = ( 5117(78)57‘061 ? > . }}/ F)CVing anertion,
4771.“‘, %hé’ 7, A7é1)= (ZJT(%I.)/ N LT[A/-.)) ow;( //)/ (0 {%h Y %n i s A éib'l)mn*
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fop | The sbmdde Criterion
Lot R bea ringy ond ot M beon Remodule. A sbset N of M is o sbmodile. of
M
W N# Tt ad |
&) trrg e N o all re R and Frall xpeN
Peit) @) Obiousy.
© Y N o sbgasp o M. cbasly Niva R-sbmlde: 7 M. Tho e verty
Nis a sgroup.
boea- Nis o emply bt Al €N om0 e pick v as (D) Hen
N4 =0 €N holds.  The, N pessesses an io/c'n‘i?/ andl an inerse -n e all
arol the myoc;x(‘/v'7 s my”eytf/ dolol.
Thoie, N 1o an R sbmodile .
/31772 Lt M, Nad i be R owodiles.
O Aoy € M N 5 an R muodlule homamorphiom iH. €(ree9) = G + o)
T all v e R andl sl 2,96 M .
D Lot CA be elemnts o Hoa (MN). Dere €+ Y by
(s ¥) () = L) + Yo fo all me A

ﬁfn @+ Y€ FHo (M,N) zw{ wirh this ofemfiou Hon (M,/\/) is an A/;e//an



G- 1/ R is eoanitative g then o e R detue P by
(re) (m) = v e ) 7§7 Al me
Then, 7€ € Hon(M,N) and with this action of Hhe commtative ring R the Abelhan
e Ho (Mo N) is o R misdile .
® I ¢ ¢ Houm (41.8) snd Y Hom (2UN) then %o P € Hom (L.10)

4 With M/A[/'ﬁon 25 above mm[ W//&//‘l}p/lmfidh p/zv‘}nw/ 4s ﬁmﬁwa eoy;7p9/#/bzz, Hoon ( M, 1)

s a }’jnﬁ erk [ . W/m /Q i commetative Hom (A1, 2410 is an K- ﬂ/&ebm.

Bost )
0 /f/bm;/wé[y

) Lot reR apdl nome AL,
(@+at) (rnrm) = €(ra+a) + Y (rnro)
= (€0 + % ) +@lo) + Hm)
- r () ) + (@) (W) —
Ths by (1), €1 € Hum (A1),
We assail. the fanetion 02 M= N, numsq jopw v s an R medele AW/@?)/L‘){"M}SWL’.
Thas, c/car& O isan méwt'é// of froup Hom ( MUN) .
Jor- ol € Hon (FUN) , the inverse s o Fanctian which assign the m the ~ Cln) wd N
an asseeidtiye Hp [our is oZvioum// holds.

/7”;) Hpon(/‘////\//: fﬁnm P 6”70'



See 0.2

/iff“‘ K isa gy < for PER and 4 Hom (MN),
(re) (ndem) = r{ Gngsm) )
r{nele)t en) )
“n (rdle)trem)
- (OO ) R U Ler, mae M.
Then oy () e Hum (M.N).
Next we \/3“'75/ Hoon (M.ND iy an R modale over /.
Jot F SER and Y. YE Fho (M.N) .
(tr9) @) (m) = (i (tto))
= lm) + S Clny
- r)m)+ (s m) P Wl m
Thus, (rts) ¢ = rf+ 3512,
((rs) @ ) (o) = (rsd(@low )
= rsiem)
- r( @) A allwe
Thus, rs)f < rise).
(rtgsap)) (o) = v (12t (m))

- )"(/ C(‘['m)‘l‘f?%(mu/.



= Pelp)tr YD) Lo all
This, v(Y+af) = rtref
e R,
U-@)tm) = | (ew)
Ulmd o sl
Thas, | ¢ =¥
Thoeppe , Hoone (4 WD 1y an R~ miodide over R .
B) Forall reR and nomels.
Yo (pmem) = Y% ( rew € )
v Y em)+ Y (W)
= o 0 t (Yo )
Thn by (1), %o €€ Hom [ L, v,
#) /4;;» ewy o show> Hop (41,40 3 aring with m/fnny [ on
Spese R 60 commutetive by (2 Hom (41,0) i an Rl - Lot £ R4 be
o Fanetion whith assgy he reR the rl isa gy Mwuw;}um wd %ﬂ Al Y Hpm(MH)

r) (@)= (¢)(r1) Aa/&’/y e Al FE R thus, 7(R) is cmfainfo(m the. center f?A A
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fpd Lot R bearug. ot M be . Retnadide- and let 1V be a sbmodule 5P M.
The Mé[iﬁva.guo{imf il M /N can be made intr an R-modiele é/ ﬂéﬁ"ﬁ an
sction 5 eloment o R é/v
Pl ) = ()7 N A all re R wnd %€ M
The. mtsal ot g 4 a1 debed by 6] < 1Ny an Reude
éomomﬁnsm vith berne( V.
ﬁaﬂﬂ/ Sve W is an B-sdmodede, N is rarmal . #1/N i e sod gince M iz 2
Remwdide, /N is an Abolin grovp-
Lt v5e R and 29641,
(res) ( Gom+(5in)) = ) (e +N )
= (rs(xv)4 N
(rGugrin JHster N ),
(rs)(x+N) = (rsa)+ N
sl s+ Ny
i R has an iaénﬁ}/ >
[ (or ) = (1) N
R
Therefve, AU/N is an R-nundilewer R



Lot FeR wd 2.6 € M
z (ra+q ) = lass) + N
= (ra)t N4+ N
= r(a+N)+ §iN
v ol inly) .
Thus. L/ ﬁ’7’2 D, T »ar R-medide /M/,v'bv/m}nlljm”z :
fivlly e m@ N+ b
heall neN . wln) =nifN = 0tN ths. N <lba 7
]ﬁr Al 2 b F o Pl G,
TGN = G IN ths, 24NN, 2N hpwe berl N
Theretwe, V= laor &
Thndd Tssmanphism Theorernis
© The Flivse Tsommphisa Theormne tor Alodecdes
Lot M, A b R mdides ard ot C: M3 N b an R podele Domommphison..
The ber @ is o sboodile F M osd M /by 2 € (1),
© The Secowcl Lovwrphon Theowm

let 4,8 he ﬂJﬂz;o&il/ﬁ’ "% Ye K- m»/u/& A, Then (H#B)/B &= 4/(40B).

(3 7Z& /_Aiyp/ Zsof)np)];}nmz ﬂwnﬁm
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Lot M be on R-madile, wnd ot A wod 8 be simadides of M uith A< 8.
Then (M/4) [ (8/4) %11/
W Tle frrith o Lattice Tsomorphisa. Theorem
let N be a sibmodde # the R-midde M. Thee s a bycetan bebueen. the 3uh-
— wdide M i amtain N andl Ho sbmadede of MIN . The cmesypo(enm is
Gin by A€ A/N. g ol A2 N This comspndence commutes ith the

Pm’efmy ﬂg Tﬁ/ﬂ'n@ Seens anﬁ( interseetion .

2
W P all reR and %5 ¢€ ker €,

Clratqg ) = re+¢s)

r-o+q
= 0

the, ratqclerd, ks a sbmodele o M.
Now, it is clear #at niN=mtM [m/o//}:s W) > ¢lm) . Thus we can /b?gﬁcﬁ( 4
Juction as Wt N @)
We- vmﬁ/ Y is an R modile Aaonamr/;hm;z.
Som all re R wd nomme N,

Y ( rintlerd) +ntlerd)) = ¥ ((mem)+ ber @)

- < C[(l’nmw}



= 1 W+ Cm)
This, W is an K-mdle ém;/mar/;%im :
Sippore. )7 € o) holds, thn, =) =0, pom&len € )
Y, Btler @ =mtler &, W¥is injective and the fufa'ccfion is manifest //
Thodwe, M Sl tf = €L 11)
() e @0 A= (A16) /B 5 @rs 046 the ohiwsly €ian Rt onciorhon.
Jorall e dad be b, WHTE < 248 thn s surjective . .
Nexdt we Ven%/ ber ¢ = A0B ‘
Ve lor ¢, (=218 = 048 lolds, then 7€ B i b definition f . 7€/
Ts, lerte < A0 B,
Yie 106, Y(x) - 24 B - ot B this, * € ler &, J0B < ko ¢
Tete by 0, 45)(8 = 4/ (496)
&) Speer 1447 mi A iplies 718 =mtE holds, we ean glete w Fuction ( as
o M/p = ASB 5 nt A B
ang his /etnd/‘on ¢ is ﬁt?/l;fia%//l surjective.. Thus, ik is ennugh &5 Show that leor (= B/4 .
Joral beB, €(b414) = bi1B = 018 ths, b1A €lar ¢, B/ < kar(f
i ol A Eben @@, (etH) = AAB =018 shen, %€ B ths bolf < B/A

Theetne by (1) mip)/(Bl4) ~ 41/B. .



Sec (0.2,

@) Now we can pick o function € s statement. ( et wam"// égm‘}\/e)
Seppore A+ N = B*N  Julds-
Jor all 2 €l fher exists b€ B aod 1EN such thal a=btncp.
Thus.  H < B. fmz/m/ Bed . Thn, A-8.%¢ is.ino'lecﬁ\/e.
Lot LIN dea sbudlule f M LN
Ao all re R aml ot el
(rs+£)+ N < r{stN)+ (£+N)
¢ LIN.
Hus Forsome. L€l aml me N, rved=dtneli .
Hente. by papl Li is o submdlile f A, € i surjestive .
Wk w,ven‘f;v
W @l4a8) = ¢(4) n ¢(8)
()@ (4+48) = €lr)+ €s)
(1) () Yo dnp . 1eh wd 26 B ol ths. €(0€ €Bat(B) .
Wl Ang) = €4 €y
D> Yoe@ly)av(p) Ta.beds. 2:@(e): @) the, ¢la-b)=q
Then, v some. e M. 2= bin e B, a€lnp.

Theretme C(A)QE€(B) < €(haB)



() (©) Yae, bep ,¥(a)c@ly) and €(b)e €[B).
ths, @lath) = €la)+ €ls)e €A+ €(B) . Home, €(A+B) < €(4)+¢(p)
C)VYae WA +@lp) Tabes b z2-la)+e(s).
2= WUla)+€(s)
@[ ath)
€ @l4+B)
the, C(4)+€lp) c Cla+s)
R Lot W Moy~ . be sibmodels e Romdle: M. Thon the Alloin are expivalent.
(1) The map o NOXNax X Ny —> Nit Nated Ni slened b/
Tt fia, o) Ak) = Qi+ At~ + Ak
is an_isomorphisn P R modies : NiFNat A4 Ny 2z Ni ¥ Ny xoee x My
) N5 (1 ( Nyt Nyt Nyt t V&)= 0 mall e i 2],
® fve,}, Le N+t Ng can be wrifien un;zéue}, in the 7'§rm1 G4 Oyt Ak with Af
e N .
WINOETEY
Fie @Ve,/ Toin NitA Nyt Nt o Ny i the. o L= Lot Aty 4y 1 1 Ak,
40 is ol an olomant 90 At A Nsg 4Ny 4ot N N,WI}/ mw:ff,bn,f]w exigls ungue 7

neh ot 7l8)= 0 and o})viomﬂv, (40 Gt 0, 25, 24 ) =) bl .



See 10.3

Hence , 4, J,f;t a/ewmﬁ ,7;4‘3 i eZ'MLwU Q 1his assent (2.
@) =(3)

f”f}’we there exists some. LEM 1~ A N sush 1haf L can writien in o didlrent forom ok hut
Moo, @ =by = (- bi) t-4 (&5 -by-1) + (g by) +o (Ak-bg ) ol ol

6/ A?f&tw731;0n, 270 abave rﬂ&uaiiom /»ol'p/s) it e?uw(-? Zo Q- This :ommf(;afs a5 #03

@=0)
Obvmas/;v Tis b (;ea'ﬁi\/t i T,Iw we- veriﬁz T is an K- WM& )Jomowwqa)ﬂwt.

Lot veR an (@i~ aw). (b, bg) € Nitv-- Mg

T ( r{a,~, ap)+ (b, bfo)) =T ( (Mtb)+ o 47 dth) |
= (raith)+ -+ (Mectbe)
= et Q)+ (bt thi)

= T’L(a,p“, ak>+ I/L.(}Ox,",kk)

Thee, % b an  R-podude isammarphison. .
Thed Jirany st A o s oo Rt FUA) ot st A s FUR) satvhes ho Hlbusg
el popety f M i ary R- tmodile and ¢ 4~ a1 Ay ey o 1ets, tha there s @ wnigue
R- e poncaagphn. B F(4) = M ucl st 2(a) = <0ler), P ol ae 4, 1hat e TFDE,

A —> Fl4)

P



Wim, Aic the Hite sor Jan- 0L, FIA)- Rai @~ @Ranx R
1%7[}) 1;/5 A=1Y Jox F(a) = To] thn the supfomart holds.

Seppae AFIR g F (0= [ AR5 0020 forall it Fitely mary 24T o
an addition wol on action as Follus

Jr all 18 F(A)ud ek,

fg1s o fmgle),
rf 1= ar—ﬂrjf(n)_‘

In ths sense FLA) is an R~ modele over R .

Mow, we Zo(mf"?éng set. A as subsel af FD), the collection o]ﬁ /meﬁon ar ]ﬁ, 74r Moo
wd Foih=R ;a1 AFb0. Thn obissl, cvery elemant of FI(A) writien by
R- conbimlion of A such thet viai+ 1 fa++ % @ Tnorcovers this representation. is unique

Lot C:A— M 4 map, Mis an R-mode, definethe /unt‘ﬁon. Y 1;/

g_inh W 72{72”” @(a;).
We verh§/ Vis an R- module hovomorphisas -
let 50, Silibi €FA) ad reR and rwisdi amit=bi pr12i<m.

l40¢hn 1€1€m

Then,
Y ( FlZna)t 2 ik ) c ¥ [ Zrreact 7, ria.)
1€isn 1€i¢m 1€ign ntlgismin

= ). rrita) + 2 i Ya).,

1£iEn nH €8 £min



Jec 10.3, logf

i1

r( Zor e )+ 3, Li b
ffi=n i£ison,
= r (ggh}’i‘di>+’?%<g,ﬂxi'ki\)
Herve, W js an [0 wodulk “/;w,:amnpl»mn ord the Mﬁ?uenem is ohvious.
/qimf(y, supase, i A Fuite.
ﬁw, Jlror éver/ aicl fﬁi? U a,)}(émm’,/u/e gp /:(A), 79 5(3) asrerk, /4(,4) Ra,®®Ra,

W/W Ra, =R zfreye7 die A, J(a)=R".

U) If/} ﬁl Mo[/;z are 7”'8& Weg on f‘& seme 32t A, Tzeng (s a,un)cbu& l?OWﬂrph,Bf)}L /mfwgn j;:
ﬂho/ );1 J}c% I3 ]‘A‘, lﬁ/dllﬁ?/ mﬂf on //
) If ﬁu &/‘1/ f}m& /Q’m&/«/e, wJL éw"s 4, ﬂm f:cﬁ(,q) ]n/w}cu/ar, /qtlb}o}/; -Ik Jame_

wiersal. m with m/aecéﬁ A as /t(/l) does in /7,,,«4

i)
) L M,,,,/uwéo,, C//;: - fi, L/ 2 Gibi =T M thn Y ixa'mry)pim.

@ 5’7 W, f=a /:(’q) wi [} s the wivesal mef/
TM«F let K )Jea,)u«}on'r@ 0]0 g, et N kw/ﬁ# /Q'Moo/u/&mw( /&6 1L N—SON e the

R-mo ' 3 %mam?a)um Mm[})/ ()= @9, ﬁcﬁwy fémé ZJ I8 an}/ /&# S-Wwaé/a (“/nenca also on R-

%Wev} ana(/ 7‘/;/»{ ¢ N= Ly is on k- W&MP/ ’ﬁ/ommw?ﬂbm /rm N 4 Z/ Then TAM is & wﬁ" 3=

moolule %mmﬂ;m 2 SON=L sh thit Sﬂfacfom f/zméfl 8, e, ¢=301 . dnww%,i]{

g SeN ”ZJ 1 on 8‘4ana %o’)nmar;;r"usm then. 5/: 80 is an R-mwdule “émyw?hwm ]pm» N # Z/



| ﬁmf) I’m'mw/mﬁf% i/vfh fg//moté oliagré/nt. /Vm‘b M,.C/'is S- /n/mcar\ ”‘f
N, = Sl S o
?) 3

TN
<
B L - > Sxl

[;‘7 o L2 N> S@N ’Aa ‘7‘1& k’maé«]a Zmnoww?}usm in Theorome § . Then /\//Iccr?_ is the
e /cuéextf quotient F N tat cn be mAaJoM in an/‘ S mocdle. In /nﬁm/ar», N ean be embedded ,
as an /Q’ 7‘0})4’100/%/& o’\ﬂ Some_ /674' 3‘ maé«/a 'l# Lis irygcﬁw, . | |



10.4

Tl S R is o ring with | ALis a e R-modile, and M is o leB Remedile. Lot M@ N
le He. tensor prduct of Mad [ aver R and ot 1 M = M@ N e Hhe £ bilarced map
(1) If 341 0N~ L is oy gy homomorphism. fow M@ N ity oo Alelian grop Li then
the conposite map = E 02 35 an R~ belanced mag fom. MAN 4o L1
(2) @ﬁver,@pll/’/ﬂﬁo}e, Liis an Abelizr g awl @ MxN =L s any K- én/ww{?naf-

Then e exists & w;igup, g ﬁmw;o?/“mm B M e N~ Ly meh that € fzﬁfars fj)@agjt 7.

Bot) |
(1) We V@nﬁ ¥ is K- /ﬁ,/ahfw('

Clm, tom,, n)= 3 (2 tmidans, 1) )
- ¢ (ZCm,,n,), Lim., 7))
= 32 (my,w)+@2(ms, 0 )
- Yl n)+ @(m. n)
fimm// , Wlm, nina) = @lmn,) + Wmina ) |
C(mon) = g o)
=g (mr.n)
Clonr, )

(2) gy T/mé, 7‘/;).2){; exists tm;zae (Z u[f/z ]p*ep, E”/)/aﬁéo/ﬁ. P(J/U/\/)_



MIN <0 Flmxn)

N ) lad

IR
Ly

Mo, we asserd H < ker (n/; with M@ N = Flaxn) 4
@ utma,n) - (nin) - Onsin) ) 2 @ (mrms, n) - @ (mi,n) - & (ma.n)
= @mamin) - @(mun) - Clnsn)
=0
%’fmimfﬂv . ‘? ((fm,n,m,)» (m,n,%(m,m)) = 0.
@ (- (mrw) = @ (mre) - C?(ﬁnn)

= @lmrn) - @ lmrn)

/_4"’1/ CV67 96/10’&/607" ﬂﬁ H 15 in éer (/\— re. /“{I £ }(er‘(-?
Hfft& éy /o’/nomar]%:;m /W/EI’?'/ TF‘D c.

Flan) —% 5 filuxn) /o
7
L

Qr//‘ y«f/‘;@j@ ﬁ/’san /Me//dn 6/0u(r, ﬂné( 1M N £ is an E é&fiwweé{ W7> )’Kﬂ}L that
u) Tép/ [fma@g ﬂ7p v ea:era:é&? D as an /)})e[ian. group, ﬂhi

i) Ever/ k- 17&/&;1[60(;, mags 0@9’%%’( o MxN 74060}@ #mg/z Vas in Tha 0.



[o.4

nm there is pn /‘fa/mw]};ism 74"'(4 G N = D 0715 Abslian giveps with 1= f" l.
/Dmﬂp}- é’)/ Thn 10 (2) thoe exists unigue grep %ommqf/»‘nsm such tat | FHC

MXN <25 M@ N

g )
1

’ \y?p

D

NG

/;fr%wa y/mu ]pis mgec{ive, 6, a J@r evep, a(é 2% M) we %P’EL (7o) as Z’Cm,;z}“o(-
Mpcover, /p(i[“””)) - ﬁ( %o/a(;

//'w[ Jince ere?/ elemert of MON. s the. dom, FJ’” @n, ]P is & surection .

nite

N&Y,é we f/;lﬂuj /)1'8 i}ytc{wg_ %/ Qo 7‘):»5 eyists 67 Mc}t 'I"r‘?éCf, TFHC

My M c_r_’:_
\ L‘é\
MQOQN

Ten, 1= (§°7) 1 o, %—e\/er// i,ny, mon - 1lmon) = (8:f) 2.
Moreover, : Mm@ 2;: (§F) (mon)
this awerd 5.7 = id, 7 injective
Grl2 Sppoe R s e cnmtative rmy. Lot Mad N b tuc It R-nuglles ool kbt M®e 1/ be
He- tonor pusluct of Mand N over R, choe Ms given. the stardared R modlule snctue.
Then M@ N is o lett P- module with

F(mon) = rm@n = (mr)@n = m@m



i e nap TN —> M@ N with ZC?IL,P;) = M@n isan f- &i/,'nearwf. I s
oy Jef R-oducle thon. e is o bisection | -
fle"))'//mer nags M N = }4‘*9 )jk'wo@éo[e %ow%;oyPMSqu M@ N [ } .
wlee the :mépm/em betucen € and & i given by the conmutative oliagpam.

MIN —E> MoN
PR .
o -
L

/%07!2) ﬁif% ne assent M@ N is an /Q”}’mﬂ&bé. pé?#h& an ocfion }?/ s ZA m@n ’:Z\ (sm) @1

%’h?‘lc, 7’37!17& o
=Z”M9(”9), We Ven]} r)vis action s u,.;([- a/déh,:o( —
mite—
ﬁr}é Wﬂ IADW ﬁret/gpy YGE/ C//Vl)(/\/ — M @ I\/) (Wl,k\,) — memn iS R'La./aﬂffﬁ(.
%(ml-r'h/lz, n)= (m+m,) @n
o @n t M. @On
=Yl n) +p(man) -
fmmé, F(m,nunz) =@ lmn) @ mn)
%(7%)%) = MRy
= mren
=r Wlmn) o ) ~—

Thus, & s K- fm/ahteﬁ( hen /;/ Thm [O(l) theve exists wm?u& amaf Aa/momm};/vimz



. My N 5—1: MON
\‘\ [] ﬂ
. ¢ v
ME N

\A’W[/ Z (9’" @n.) '742\ 25 (sm on) = s D men

— inite. nite nite

Thas, an action (9' 5 maa ) 2, Sm@n s wll- Xa#nw(‘
nite hite
— Noxt, ve \/erif}, Tis K- 5;’/1’/:44{
z( Comy +rm, n) = (fm+ bms)®n
= (hm)©n + (nm)on
= ri(mon)+nlm on)
—~ =n v (mon)tr: 0 (m,n)
1(m, nnitnn) sm @ (nnctnn,)

MO rin, + M ®rRh.

—~ = Zz’m',)’l')'rrz‘Z(WLuVlz)_

Next we. f)au Jary exists b{forrw/;ona/mce-
Z% L he an K- 97’)06[40/& , L—/: A N — L }a R - L{Ifneahhateover/ Wis E'ba.[&aca&/-
nen l}/ 7};4:-, (o) T)»em, exists W)iguz 6rpu.() kammmi?hjym % Sulh fkri T F’PC

. MYN — Mo N

P

N4
L



Sree, & (rtmeny) = & ( tmoon ) = @lmn) <r @lmun) = T Elm,n) anl B is add-
tive ths, Bis R molele /7Mno’nwf}1bm‘
A, Hhe wssignmet. f H> & s oh;aw}"; injective.
We asmut ths asertment is sunective.
U erugy o show A R-modile fomomaphion . o2 15 R hilnear map.
3o (rimitnman )< B (i (2ouww)+ 4 (2mm))
sn g u(mun)+% 2 (m,n)
Por(m, nnitnng ) = & (n-?(m,n,)+rz-16m,m))
=1 87 (mon)+h Brimona) |
Thus, He asgpment is wrjective, thewe exsts bgedion.
Thel3. The " Tensm Fadiuct " of Toco Homomorphisms
Lot MM be gt Remodices, fot NN b (A R madlcles, on] sugpte ¢ =l gndl
Y N=N are R-midle Somomonshims.
(1) T/@m‘;s & tmigue giup l,amm},m, ﬂ/gmeo(éz Yo, magping M&eN ints M @N ’
sk Aot (@Y%) (men) = €on) @ YW fo all meM and e NV,
@) o MM we oy (5 R bimodlules frsme ring Sard €is alis an S-mdele Tomomorho
then 0O iy & Homarahim o e S meddes. Lo pasodor, f R1s commidative the ¢ i

d,lwa/s an /Q‘mwéféz zrmbmm?%im 7[27‘ te ﬁanoém( K- modele Hwnectwre. .



(o 4

o ) l]p A M — /Muana(‘//u LN = /\//l are /e-'m%[u/e %mwnarpjusm.s 1746'1
(rgu)o(eay) = (1op)@ (we ),
k) ,
We show that 2map 7{) MXN = ON which assgn Lo (M1) the YmO©Yn is an P- é@/ancc@(,
fmf,,

/[(mmm: , h) - (F(m.mu) @"}Zn

1

B = ([ e+ ) ) @ ¥n
= Yo, @ ¥t Yo ®Yn
s flmi,n) + Hlms, n)
zm// Alrunians) = (m.ni) + Pl )
v - et @
:‘ Yoo r @ Fh
= Ym e ¥F(m)
- Floum),
Thus, /l/ Thn [0 thoe exists wigne groep howonorghim, such tht. TF9C.

MEN <5 MON
— ‘\\ ‘),
][‘ \\"‘\J V4

M,@/\//

(2 g}w&/f/f[’ésf’-“/) it an (f'R)'}?i%!D/éz(/e w«e[ N (N?/\/) im/qq K-910 () M@/\/



N\

(-m?. MWOND isan S mdile. (32 n@m:=2mem )
We shoo Hhe. ﬁ//,u,z% anerbion
(o) (s(fmmro) =5 (o) (men)
bsH) = (@@ ) (som0n)
= llsm) @ Yn
=S Ylm) ® ¥n
= s(¢m 0%n)
= s(¢oy) (men)
= Rsw)
Anel A/ W, QLOY isan S medule Fomaworphiom . Z,V/mu/ar/ i R tscommutative, we obtain
2 right R-moolide thon, M is an (R R) - bimodule, thus, POV is an Romodle homomonphisgn,

®) Mmff@st}/ L/ TFHe

AN« > MN - -,
wex | VY ey L hDopy)
Uf""‘){ MxN' —— woN

| : ‘
N 3.,‘)/(,LL ., /’l@t‘ N |
/1/1”)(/\//’ L____?‘__-,.A; /V] 1,®Nh<__,.

T | Zf /]fsac[divi'f/ s e Tensor /Dm[tccé :

iﬂi@}‘&fv{ i a n’@lue~ Qw,w&«,/e, N s an (KT)‘bmaaA[@,m( Lis a/@ef T'%ad‘ulé 1764 #w;f,

xBTS 4 wnifue {BomoYFkism [ M @ N) &L > M&x (/\/ O La) mf Abelian 5,*!)(703 such

~—



Sec 104

bt fmen ) @d — m@(n@L), I Misan (SR )- bimadele, Hhen the is an issmorpham oF
S - dndlulea.
frot ) Fived Le Lo, defre o map € M= N = 4@ (NOL); (1) m@ (L), ue
Shoio P is R~ balasced.
Clmitm.. m )= (mi+m) @ (n@ )
= @hel)tm Q@ (ned)
= C@lwm,, n)+ P(me, £)
Clm, mitny) = m@ [ (ntn) @ L )
m® (n,@,é+nz®va)
=me(ned ) +mo (nel)
= Clm,n)t @lm.ny)

PGlm.rn)=m e ([ med)

"

m® [r(nea))
= mr @ {n @A )
=@ (mpn)
Thas, Cis an K- W;anceo('[, Z)/ T (O there exists Lcnigue. &

MIN — f1oN
\\ )

MO (N®@L)



Next, we define
Yo lmon)xl, —> MO (NOL); (meon L) mohos)
We easy 4o wn‘& 7‘/5 2 T~ bolaced.
B Mis an (5 R) - bimodide, sme, MO (NOL) is an § modele, (MON) ®L in
an S -mosde .
We Aaw/onéx show that 8 s })Mnoaéﬂeaus.
$' [ s (memes) )-8 [ stnen @)
= 3@{( (S%L@n)@l)

=sm © (neod)

I

S(meo (ned) )
=53 men©L)
/7@6526 e %zwa the rosli.
(19 Suppwre R is comutatve o 21, N, el Li e left R-modules. Then (MON)@Ls =
MO (N@L) a5 R-modules o He statolerod R mrooile. stnctwes 14, N and M.
ot ) Sise M, W s e (R RD - bnedile nawfoly Il by praos havenc.
Gorl6 Lot Rbe o connilelive rirg wol bt M~ M, Li be B modides . Let M, @~ @iy denste ay
bracketing of the ensor podict # there moddules and Jet L3 x bl —> M@ @M e the map

C{dgheﬂ( /)/ 7 69’!4,“ M) Ty O WL . —/Zeh/



5)60 /04

) 7£r~ every R- module émmrfku,n 3 M0 QM — ), 'r)wo»a], @Y=23<Lis n-
miltilinear Bom Myt~ x Mo 20 b+ and

@ ")é @M XX My = s an me i lfnearnof Bhen thee s & unique R“loo'mo'molf}lbfn

P M@0 M=)y such ot €= Fe L. Hence there jsa /pgeaﬁan
e mltloenr vage G 0 nst =Ly (6 TR retle Jonparphiomn 84,9041 =L, {
wit) }EMJ:"S vhieh THHC.

J(/]')( SN 2 > A @~ -0 M,

fed) @)

CF (7%,, LM, Mg ram, min, 7”—»)

"

o (m,@w c@mi- @ (romit i) @mini ® - O )
b, @ 0mi-1® rmi @ mit @ @mu )t & (M0 @Mmin @ rin] © Nins @~ om. )
3 ((i”ma)‘@ @M M © Mt @ ~'®9n»)+1> (r'm)e -~ @msi @m @me+i @ c@mn)
"9 (" (mo “‘®m(®"‘@7'lm)> t ¢ ( r'(me v-am’@w@'mn))

cr d(mo-@m @ 0m)ir 2o ®n'@- ©mnn)

=y e, mi, o mn) 4 @ e, i, )

Thus. @i 1 midtibnear.

CQ) \/Mfﬂni(’, 1L{>, /)m7[ Vf oo (2



Tl 7. Censor podlcts of Direct Sums . )
Let M2 be vight R modkles ard Lot NN be lebt R syoclies . Then there- are- tnigte—
fop i30 mar phisms
wmom)ON = (Mon)® (LWON)
Mo NON') > moN & (Mo N).
such thot (m.an?) @ N> (m@n 4 On) gl Mm@ (hn) > (men, mon’) YE)Feﬁve//.
I M M are also (5 R)= himodubs, shen thoe we. somaphoms of et S~ mmodides. -
1. /mim/ar, W R s commutative, there an i}ofmorf};)sm od P -awddes.
szd) Let @ I 4 9ap Dom (M @) xN into (M @ N) X (M’ @N) whel asngn the (mm)®n
de (mon, mon) . tee @i R balonced. .

B/ tmium«i: {leoay Here is 2 um‘%ae goup %ﬁno'movr}rim as THC.

(MOM' )XN s (MOm) @ N

IV )

Mmon)@® (M oN)

Nmﬁ, %0/eﬁw 1‘1(/ maps )pﬂnﬂ[ % ‘7)/

f M XA = (MOM) ON ; (mn) | [, 0) On

4 MAN — (MmOMn)e N ',> (m,n) —> (o' ) On —
Then . 0/ear§/ Fard 8 pre /Q'Mam;w/ . Thus, l,/., wniversel, PPy there exsts 3 and 37

such that TFHC .



See (0.4

MxN > MON MXN ——— M ON

L ?\ ;}z"

} 7 mem) @ > mem’) o N
7/;@, Here exirts uniabzua Yas T/9e

MON 0 >6w®/v}@(m’®/v > M'@N

e W T

Mem)oN <

MNow, we arset 0%, %o3 ar ,'o/enm/'mazog.

Thas, M@ N) & (wan) = (Meu’)ON  holds.

ﬁim/@r// CMON)® (MON') & MD(NSN')  holds.

Fither, 7 R is commectutve, then Mand 4’ 0y veggrtled a5 (k, R) = himadile-, soue heve the result .
Corl§  Bttersion of Seolars o Free Modlles.

The moslicle. otained Jrom Hhe Pree R-tmoclule N = R b}/ extewsion. of sedars From R er S is the
Jre S-modle S™ e, S@R™E S s leh S modile

Pmﬂa)
%’P%Vious fw, SN & 5(9@'1 = (5,@,8)" /’0/0&'- So it b ema&); A 5'})0«) that

SOR X S as S- modules.
/I'OF* o ]‘flwﬁan L/ VSR~ 8 (8 S, finge ¥ is k- /n/anma(; }7/ un}\/erm( Pt?x’f/
Hew exists tu;)gua §oep %omoono,ph}m 9 25 TRHhc

SY R = S@FR
N~ v3

T
¢ S



Now, 2 (s (ser) ) = @ ((s520r) = 5" B(s0r) Jolds, B is lefl R- maducle Mm»,yh;w.
Ad $o 8’0 8— SOR ;9> 30 o%iouxﬁ/ 3 ed, 3.3 ase .'olenﬁ// map,
Tewtre S@N & 5"
Lon19. Lot R he a commutative ping anl et M2 R and N xR be Froe R-modules with bases
My, =, Ms and M, <, N, wpeetwe//, Then MON sa e R -omoclde F veib s &, with bass
Me®M) , I<izssml <)<t ic., RROR ~
k) By T 1 clearly hilds.
I 9020 S’uﬁ;ose R is a commutative ring) and M, N arg [eh R-modkes, consiolered with the.  standael ‘
R- module pturasteres. Thn shere i o wnue R- modale 1@ A% N @M magging mon
v no©m.
Pont) . Spee the Foctin @ MyN — N @A 5 (min) — nome is R~ balaeeol, }7 wniversal_
prpety obv;w// MON = NOM holds.
377.'2/, Let R be o ommutatue ring ad let Aad B be R- a[aebm.s» Then the Mﬁf/iﬂaﬁm
(20b) (0 eb’) = a& @bb’ is woll debred wnl mabes A®B it an R m%,e.é,m
Bl ) Lot € he the nap A¥8 XAXB > A@B; (abal i) (44 @ (L)
Ben since.,
Olriatna, b,a’ )= ( (h&maz)a’) @(bh’)

= ((hae' +%aa’) @ (b))



e (4105

an

= (rlaa)+ ey a)) @ (6 k)
- ( f(aay )@V (n (4 a) )@l y)
- (n@aeB )+ (nl as a@ b))
= Clanb,ab)+ kel b))
74»0/ @ e 7,m{/7i/ihear aver @, //m // Qr/é, thewe evipts K- ?mﬂé«/e .k/mn()?i;os',c/ww 23 TF’{[
AxBxfxg —> A@E ®A@F

~
\\\ \ é

A DB

/7;19( e Can oafmn 2 L‘t’limf ™mep /% as THDe

—5 (4opod @B)

(4ep) % (4w 5)

Now , we shw that A@B 13 an K- w(gfzou
Stnee. W13 bilnear ard Aowd B are rngs, A@B is o ring Lith en ?ﬁ/fnﬁy A (3.
Z&ﬁ Z CR— A @B 5L @l whewe 70;3 a fJuncﬁm jrclused L/ an R- a,/éeé»a
A Then c/m;é, 7 - Z% m,z,o(/ a/ear// L and }/ar@ n%@ %Muow:a;f}mm, ﬂcn so i 7.
Aol, ALRD) <2 (4@ B) wll e Mm%,,-m,l. =
(37:92 Lot A Bad C he K- nodiles ster some vingy R Then
O The sequence- 0 — A LE s exact /7? 42// > mo}cc-fix/e.

@ The eguerce 1% Ye —2Q s et W @ supjective,



/r)ﬁ»?é) Obyious.
23 The )‘e}wce, 0 — A ié B0 — 0 is exact # Yis mojceﬁve , & is
)Wo)'f;cﬁv&, /MJ im /}L’ ker (1/ €. B s extension o‘,P g é/ A

{Dlm%) «/LZﬂhn’]ﬁK{& /;)), W %;g)n
ﬁ7724‘ 777& i))obé ﬁ]Vz- /mma,

Lot o (g' Y dea %oww/ﬂﬁm ”7? ﬂ/ur,é exact sequences.

b~ A —5 B —C — 0
bd e b
O —s /4 o > 5/"—””4’(2/'" 20

0 17 dancl T e ingetive, then o 1>

@ 17P d anl T are sgective then so is (3.

€, 1]‘1J d and T are tsomanhism then so i3 F{ 2nd then Hhe 1o sequences are samnarphic ).
finf )

@ /,1‘ 3 ehag&@ £v shoo thet (5(}9) =0 m/)/rf: b=a 7£r %lc’ i€ B (- /7 I

%mmwﬂ; ).

Let be B it NJ(U =0 . Thn C{’(C’?w} = a= (<)
Smee . Tis pjective. € (1)7 0, 30, bebr & mf. This Hr some aed,
Y(a)=b, 0- ﬁ(w : f’é"(a) - Yd ().

See., Voard o ar )g'ed}ve, a=0, ¥a)7 0. Ths b= 0.



O for b€ 8 sive T. & tre mrective, Theb. €(6) = T (€)= € (A1),
T @b p0) = 0. b'~pl8) eleartt’= i,
Jac A b p) - FHlla) = FA(e).
p = pLb) ) - P ( b+ ()
Thas, F is my‘edi\/&
5 By W wd () Wm/"eyd/
ﬁa]o% - The short ewact sequence 0 = A %588 e—s0 of R-omooliles ie split # i tere is
o B modele %Mi'to’irlor}z}m«;p. s C— B oh tht Lot s the Ic[tn’ﬁf/ Nap on C. fima/w/)/,
the st oxact sequnce | —> A58 ~E2 C— | f o o glit ' o is gy
‘M‘zo?no;;):}li;w;/tci C— B soh it & ol s 1he ca(enﬁf/v nap o C.

ﬁmff) let B e a split . Sinee A®C % YA C /ag/u P Aee — A4 ). e



R N _., ,., o i ) : —
o - S o - - e - - s
U S

R : " — - = - = o = - » - PO . B . . - . R . . . et N
e
e
: B S . . R - . B = - - - - —— s . ~
S — - . - - | . —_— - S e . | . . | B . ‘ | '4 o
s
S G PRSI — = - - : - . PSR . - . - o
- . - . . . . . . . . . - . N . . . - . : - SRS SR e

e e e e e
o
-




See 10.5

Pp2T. Lot B,ls and M b Revpdules and et ¥ Li— M be oo R-madlile rmomorghsm.
Then the map Y Hom (D.L1) — Hom @, #1) 573"—*’5“’7@ i oa %Mrm'}rm#inn 3 Abelian
fiaups. 1 A md'ccéive, Hen ¥ 15 also njective, -, it 0— L . m is exaet , Then
0~ Hopn (8,12) —E Hom (5, 4) 15w exact.
bo) For 1% € Hom(0L4),
Y(ry) = % (F+3) = ¥y = ¥ (F+¥(3),
Thas, ¥ s %Mnamrf}ﬁmu of  Abelizn group:.
Neck, sgpe. ¥ s iectice. i ¥ ()= W (3) thn ¥f = %G . Sinee Y e
injective, e S L Than Y s mestive .
T28 Lot DLe, M ad N b Romdulis. T 0L Lo MG N—50 s evact,
Hhen te associateol seguence 0~ Hom (9. L) ¥ H;mg({),M) s Hop (9.M) 15 exact. -~(l0.10)
A Homavohn, 7 9=N [ifls £5 o Jomowahion 71 0=01 A F € How (D.N) s in she
imatye 7 ¢ L eenem,( @7 Hom (3, 41) = Hom (9.N) el nab be. rurjective s the map @’
b surjective id eve7 %omma?)nm Fom Dty N s 45 o /fammrfém Joor Dot M, in hich
sse the- seguence (10) can be extented to o shont evsct seguerce.
The sequence U6) s exact hr adl R-modies D i the seguence- 0—)[/'% MgN is exackt.
ﬂw%} Slivse we m?} (lo) is evact . Jiee— ¥ is injective wnd @' is suriective, it is enough &

)‘pr thak i ler €



Lot [l e im V' thn dee exists € Hom (D.L) sk bt J' = % Fi
T, W(F)= W@ J') 5 0. Henee Jicba, mH ¢ ke’
Let FrelaY dhm W)= 0 tolds. Finee e =lber?’, Ar every ol ed),
((P) =0 implics F(2) € . oo, for Jile) = U (n), Y (dlion) = (A~Yn)
s (A fd )= . This assernt [remY’, e & € m P, 7
T/maérf, Y o, (0D s exact .
The next assenfion , (@ is sjective ity ar i Han L0,N) [i#ts b an amser in Hom (D,.60) gl
/’Itces‘fmi// i m;/ exists , is 4/:&2‘-}55:»1‘25/.
We verH;/ [ost asserfon,  (10) is exact J[Z» 2l R-madlides B 0 =1L jéw(—?@ N is exacts.
&) Cleay.
&) Pist we shoo thit ROBX) 15 R-modide ard Hen show ot RORXI® X a5 R- omodule For eery
K-module X . Debse en actiond R o R(R,X) by Ff iR X 5 res R0ty RAEX) fom |
on R-module .
Nect, e defre a nap) G R(RX)— X5 21=f0). Thn, &u(rf19)=(f18)01) =
G+ 500 = POI150)= P DO futde, B is an R- modils fommaphsn. Fon. R (8.X) it X.
Nect Jes 2% Jeon R-moslule ﬁmmnorplﬁm X zh@ R (R.XD wheh assign #e & the Coirisra
Thn, (Bo ) )78, (f0) = Ypo = (rispin) = 4,

(Bxe 3%)(2) "B (Ce) = ()= 2 .



neva‘gm, Ex is an f’maﬂfe/ bo’lno)])}‘i??u, R(R x) & X po £- moﬂé«/e.

Thie asert TFRC,

o — R(RL) o Rlp ) =5 R (RN — O
2, f 3., (Y 3y 55
S e A VIR R VR

7Zis /{/hémfm, asreril . o=/ ié /”{—Z N— 0 is ecact.
(0)7;29 Let D, L Mﬁ(/\/ be  R-modudes . Then
W R(H LonN) = RIHL) © RIDN) 5 ad

@ R(LoN,?) xR, D)eORIN. D).

foid)

See 10.5

O 7967%2& G R(DLeN) = RPL)BRD. N5 FE (o, Bf ). Tha, & is 6»79

%o%m%;orpllim .

Bhne . 8 R(0.L) © R(D,N)—R(DLON) ;D f) i £ 2l hd Ao d). Then

¢ s a frp %oonawwf/;irm.

And easy & cheole 393 md B+ we identies. Thus, RADLON) X RID.L)®RHN)

_ﬁu}o30 Z&é, /D be. an ﬂfmodue. Then Tkﬁ/[wme are %ﬂmjﬂb{:i

0 /L—Zrﬁn}’ R madldes L. M asd N, 0%[,—:%9//1 F> N—>0 s a shob exact

fe%wem& f;&m o~ R(EL) ‘:ﬁ:’ /Q( P A1) "ﬁl) R,( l’,/\/) — Oy ﬂ//yo ﬂ-—féar,t exact

JeZumwe .



() ﬁor ah/v R- %;oada[es M 2l N }Ié /l/(’% N — 0 is exact, #en ever/ K- mwé«é %Mnmnayplrism
]Zrm» /Dinﬁ: N /He‘s 4o on /Q'omoé/e %ommm,};ksm /'m‘p/‘//, i.e. ?iven }pé /Q (ﬁN) +ive»e s e /n[)

feRCP /"1)%4,1%6 TRHC -

u H

/‘/IYN > Q

€ If P 8 a Zuoﬁmt 070 fAe K- ’mol/u»[e M then /D Is /‘ro'morflwicro a [/ireat fwmf)na_hp( a7‘£ M,
e, &67 flanf evact fe?ttc’hc& b—ly— M— P—s ¢ 57>//£$

@ f> s a &{imc#ep/ fwmmm( A?é a ]phee /@' hmtés/a.
/%7@) @ /,7;28 (1) <2 Q) halils, Hus we rhew (D ()4 =(2).
@) = (3).

L% 0*91‘1 —%)M’_(é P — o Jé exact . &ﬂfﬁ’uﬂfﬁan Mem,isa(./u s TEDC:

T aved Here eists e neh et e @ = iff Z/ P 25, He expct se guerce. is s‘ffié.
® 2 (4)
5’/ wiiversal. prepety f 743& Modede. there exists K- modufe %oonoww,/%um D such that
Trpe:



See 105

VP < > F(up)

\( . ®

Y

i
P
mmeover, B isepi We oktain he z@//m;.@ exact seqence ., 0— b= F(UP) 25 p—0.
? a;m?ﬁan F(0P) % lwd @P 56, P s diveet suanmand of o Free modide J/LVP).
@ 9(a)

Lot i(5) = POIK whve Sis aseb, Kison R-nmdie wd lot M BN L0 Joan
expet sequente.

For P Hm (PN, o i Fls)= P de a matural ypicction anel 75 i=Fops
Hom ( F(22.N).

Now, since- A is surjective, asuming Asion of chaice e exirs © sk thoe @ ¢ id.
Ten @ FopriS— 1 (nag evesnily @, @ofp 2w R-modde omomorphiom )ard.
thoe exists wngue o THIC:

b

§ & pls) = Pek é;f/’

rir P 7

e Yy —
Naw 747 gvey Sés, C//["(S') -’—(/ ((2’71073, (g)> = //):(S’) ba/ozs, L//T'/ ]/Fl "
& 7”‘7’1 %’”N/ The- aéOVf/ p/izz@mm comgpules .

\/L/Olfwgr) Since 72' : {i’l : ia(/ Cfﬁ - z‘ . /} %O/U{S’. le asser TF'QC



-/ / P
Ju
g , l}f
M—EN — 0
/J" the anigug/)e:s 7)’767 i8 oi;v}aus'.
£r3 / /;mef 'm»o% are fm(;eahve. /) #ihHeﬁl aenem)fca( 'moﬂ/z«,/g s Fmojedim '#175 is a Aireet
mf;mnaw( f/é o #hﬁ} éme%»[ fzﬁ ﬂmp&é Eve7 ’ﬂw(w/a L a Zaoﬁmé ajﬂ a f}g‘feﬁve /mm&/a
Pm)é) /—4@ #rzt assertion is M;mc&{)m(e[/ 7€r eve»7 /;ee. 7}/0&/14/& /—’, f’ xfD -
/\/er,é ne fiﬂva 1{@ nexk assertion . /@6 /: }e a %»ife;v @emm,éep{ wm(u/p, cm‘A ]Pinifa set (D . TAm
.E f’(f) ¥ f' %a/o{g_ J”aleov:r, o— /ﬁwé —"/;[P)’L’)/;‘ — g IS e'YAL'(.
2‘74& /C‘ is /MJ’::‘(W@, the exact fezzsfhf&i.s rfliir, FlP) % heed ®F .
Thus, Fis direet ﬂwrwmm[ e/ 7//‘»11’&// ?enemﬁca( /'ea modbde..
@hver’Eé is éy [4) = (1) in fh:viou.r /7)7>ayiﬁo'z.
ﬁmfl/, we Yo that 6ve7 R-module M s a qustiont ' proectve medule .

Sy OM 05 2 set, thre exsrs & as TFDC

UM —— 5 Flum)

o,

M
Q/W// moeover, Jijce- gls ﬂeged}\ﬁ, /:{‘")//(fr_é % /I/I .

/VW/ “’ aspead. /: (41 ) s f@ecﬁv&. 74“, ne ﬂm«f/aée fk /mf .



See 10.5

Cor32. U Dis an fo-rmeslide, Hhen the froctor Hom (9, =) Froom the categry of Remeddeles 4o
the category of Ahelisn gropa i leH exact. It is exact H Dis a prjeetive R- moolule .
2t ) Obiscly by th 28.
Thn33 Lot Db, Mad N be Ke modks. I 0> L =B M5 N = 0 is eact, thn vhe
associated ;7@.“, 0—«7&(/\/,47)'&&(1!,7%% R(L.D) is ecact. -+ (10.13)
A Somomaphsm |1 s o Jemomarhion fi 41700 A FE RULD) iw in the image J ¥
3 ﬁthem/( YR = RULAD need ret be surjective fleomf Yis g jective s every fmnoonw(}usm
o Ls 5 D) I 42 a %M»o?w»?)mfm Foe M5 ), in which case the segquence (1) can be .
A5 o shord exact seuerce The sefuence (12) iy exact tor cdl R moddes D F the sequence
L'%/Vl—%/\/-‘?d is evact .
Boik) See th 28 and proved by obiocs dual menmer-
/D‘,'Li/g‘i’{.é‘ Lot A be an R-module . Then the %Uauir% are e%cuva,/em‘, ;
O For vy R ool Lo Aand N, # 0= b M EN 50 o shut oust
sequerce, ten ©0—> RN, @)= R(#M,5)— RUL.Q) =0 isalse a shit exact Sequence..
@ for ary R~ modules Lo and M, ¥ 0— L —K_M is exact, then every R mmadude %awmmf?;)nism
fi Li ko @ [Pl do an R-moslle Tmsamaphions o A to @, ice. gywn £ € R(L.G) thoe. i

a //72’ ﬁéﬁ(//’,&) Wza&inﬁ TFpe



o———-?Ai» M

T
g ¢
B Y Qs a submdde of the B-omdide M then 8 is a direct summand of M e,
every shat exael sopuene 0— @ M =N — ¢ splits .
b ) See PP 30 and ’w:veo{ )7 obviaws dual mamer .
(35 18 D ison B-mdide, Hen ty Fovetor R (= 9) fo e eotegory of R-gueduls 7 the category of
Abolian grrep [ evoct. Tt ic aa;t HDis wn jectite R-made .
/{M@) See oo 32 andl 7)m\/£6[ by ohis due mamer..
Fupd. Let @ e an R-modude-
0 Baer's Crtevian - The modide B s injective i /greVe?/ left idea T o R ary R-
wdule Tovmorphin 9: 1= @ an Jo-erterled 3 an R-modile. Aewororphins 6 R=> Q.
DHRwa P1D. tha Qi mectie i r& = G igrever)/ ponzers FeR. I paticler, 2
Z: mdele s injective Hot i divisible. When R is o PLD., Juctiont wodules o npctive p-
Wodules are- again miecive .
k)
) (=2 @U/
€ fet 0L Boat e ot wnd fee fe Hon(LoQ). fetre

S = { (f“,[j) . ](/[’b:f Mg( s iearulz'm»oéés%/f//wif/\ L'2 L= ) ()



See. 10.5

Note tht S is net @ void set.
debne an aider < o S by (Fuli) €Ch L) A Al Foad Lo € Lia the
Sioa oot Lot AT lii)sic A1 e chain £ Then Ut s o b
modale. 4 M r’na/wé[mé L
e £ Ubi—~ @ o dity ad b vi= (FUL:)
To shwo thet D 15 an wper bourd F A in S
Lot (fi, Lide . Tha F1 = Fi wd bi e Uli the anent A Fas an
pper ool U . Then z/ Zorn’s lemma. S hos o vational elowet (F. M) .
Now we assent M= Al
Suﬁv?c M F M g me N gl fot T freR s vme M, we show
Lisa [eft ideal.
Lot abel uf ref.
(Dvo,-,z;, a-bel.
Swee Gm. bme a?. Com-bmedt” the - be I .
iy \fen‘f/ race]
Sce am g’ andl lam)em’, ths (redme M’ gol yael
Henee T 15 o lefl ideal i R

?gght a 4,@7, @ 1 —4q . %k‘“;f:(a(ﬂn).



Se §lrath) = v (> + 5(b) bl FeHm(1. Q).

&asswufmn there existe G such tet TFDC

9L>

Sre M’ i a sbmodids of M, 50 5 M +Rmn, aod M+ R 2 M.
Now debe o fametion friom R — Q4 }4&% we show the )47//0(4,()16?
M+ Fon = m+ram irmf/ies Flme) +C(r) = plms)+ G(ra) ~ @
For m/ 4 him = ma’ +r, m,
(h-BYym = Cm/-ma’)em’ so (R-h)el
G(n)-G(r) = Glr-+r): 9 n-r)- Fltn-rym) = Fr{rom-i50)
= (mo/-m?) = flme) - plm?)
This, ®  holos, we obtam o Foctian <hich asign the m e the Flw') + G(0r).
Zaflier/ /”/( s non) £ nm) ) < Jlm trom)+ fo "+ t00) Jofols, Aemee '€ Hom (M40, Q )
v mocover ' (M’ i
Thas, (Fo?) < (A M 4R s, This assenk (P, 47) = (f 44 P)
M= M4 R Thig ('ad)ad('cﬁ M EM+Rm . Ths M= M and TEHC

0. —> ), <« 5 M

g



See 10.9

(2)
<’:>) //f is emusﬁ £ s thit Vre R\ {"? , r@ c @ .

Lot %ea od € R\ 1o}
Defne ]‘6" fr—Q s> 2 S ]f(?"(f.r)ﬂssr))=r’_‘¢5(9,r~) +5 (ar) |
]pé Homz(.’?"f,a,",

}mgg, Gl s ino‘,echve, & Brers Ciiteron theoem there existe [ sueh that TR C .

Q_YQIQ

m/

L = fler)s fLr) s rfil) er@.The. A <r@.
(€) Slffm Frall P ER\Yo]. rCA.
Lot T Je no e ot ideal FR ond Lt FeHm(1.Q).
Sme Rt 1A . dorsome mmesere %, 126 R
E/ assumption, there exists some 4 neh tht CVRET 3
Pelve a yap FiR—2E s rioor g tha o fo o (RE).
Toverdy Fli-f. Lot Vel o doe crre 7€R schihé G2 vhs,
f(9) =59 % -re g = flrx) - f14).
7Z€’e7£;e // Brere Ciiterion, € is injective.

/7& 5&6&&&70{{ asserfion is abv)ow// }/ /szbw asseriioh «



Next e ven'ﬁ the thd éfm:ﬁimz-
Let @ be infection wl et K le a sibmodle ojé Q. Lee reR\ {of wi ot %tle 8/
Then  thore. exists 4ed schthe G5
So, §rK =rglrlc cr(prk) € ri8 /. The, 8K €r fic and moover
Q/k = r G |
Thodoe. b’/ ;;’;yﬁ asaction  B/< is ingect ive.
Thi?.  Seppse st Bis a rigle B-modde md thet b, M ondl N are efh modiles.  1F
0— /), M ‘%/\/ — 0 s exac. then #e m;ocia,éeo( seguerce of adelion grops
vl % 90 2% pON—0 1 eaxce - (10.03)
H 9 s an (5R) - binodie thu (8) is an exct sequee of o S~ wnclles . Lo puicdor,
af S=R s a omoutatve gy, then () is on exact Seguence F R- modides with respect. £o the stanclees|
R-module. stmctures. The wap 199 s mt n 6mm,ﬁ wiective, i-¢., the 77”@(, U3) comst n general he

extenckol Ao @ short exact sequeree .

The seuence U5) s exact B all y'ﬁ[n‘ R- wmdules 9 # sz9/'“'/ -Z/\/ —Q i eadd,

/9%7{/) ﬁir,'t, ve Jhow thit (13) e exact, e, im (/®’L/')-’£er(’®‘(’).

(&) /4 Juyﬂ'g;{n Vhow (1€0¢€)(®%) =0 . Jlop an;}tmr)/ AL E DOL, yioe @Y = Q. e ohloin

(1e¢)(1@y) (dos) = 0.

&) Jet L) a Goup morﬂ»ism a8 Jﬁ/om :



e (0.5

Dol /% POM — tober (! @Y)
@

o 1@‘( \\_;/ <

PEON

o ;che 4 13 afi, a’e;‘;’em a /fﬂfﬁjﬂ/], T DIN —> coler( 1@ 7‘)’ = 57@”/;"»1( @Y%) w4;¢,{ ﬂSiiglLf/l,c (d,n)

/

te d@m with @)=n | This Function is well-deteol becowe @rt-m") =0 nplies - m € im COY) anol cleas
L is R hnlarced 0 thee, ists @ morphism 3" pON —voker(1@7).
Jme, s sfective, wiguely exists, 83" id and /;/ Deyitian, 372 7 idl.
- Tuche, cober- (1@ ) = 10 = o 10¢)
ﬁim(ly, suppic tot i (13) s et fir every rght Rowotle §. St D =R, the sine REX™X A
Wbli'fm;y vight Todees Y. W /mw/mée// owplete. the. /mv;[j
Bk Lot A boarght ke meclile. Tho vl Ploing e equivalnt.
: O forany b Bl Lo M, and Mo if 0 —sls B N0 e sk st s
| wenge, then ”"A@blﬁi 4o 2% hoN—0 s shoa shat exact sequence .
B 00 fyany o R s o wd M, 02 1o s an essct sequence. o b R- ikl
Y o a0l BE A0 M s an exart seguerce £ Abclan aroeps.
“ Bof) Inmediate fron thn3).
for | H 9 s 0 rght Rk, don the ot 90 fom. e cacory f e Lookdes o the anigry

of Abelion grops s mé)d eadt. If D iy on (S,R,)'hf}rzoo(w[e, then P@- i a rght ewct foncor Trm. the

- w.oéor/ £ (el R imosludes 4o the catego»y £ lett S-ompdules. The ﬁnw 5 ewact B D i o Pt b moclide



Foik) Jesvesl om. thn. 3% wd the. dlivion 4 Fluk moclule.
(o422 - fise modudes eve et 5 more general[/, prictive mdlules are Hat .
Rt). Ts Sow et o tve R-modle. Fis Pht 14 sdbses o shuo Hhat 7£r*ﬁn7 inective é»
todlukes Jmomorphism, ¥ L= e induced map (&Y FOL = 01 i alo imective. .
ity we this f dhe ewe e Fiite geronteo e modile, R™. Sime we have R'ON = ® (RON) =N,
R'®M = M Ths te sommphim. ol @ ¢ R'ON = R7021 5 injective.
Moo, we. e e g cwe. Lot A beaset il F ) de Jecmodle ordowed ik 4. Sipyme

(/@‘f)(jp@h>f° 7’;»]{97‘5 eflA) o N, ﬁm&,f Fus ;,{,,%m /P;Zih O wdoe ric R and die

A 74* eac% 7, /et A= j/?i ’ "‘is",; Hen. we have /eﬁ(4/> ad FA) S P, Sove can :‘L'Lnﬁ%la

fonefwan b fonefin)on < fa)eN.

7Zg,$g, He ,,,,,74“,,, 1@ T HDON — Flur)erl s jective, woreover, @Y FUON —
JW@M is tintive sine. ve hue. FW =F(1).

ﬁ'm/{-, we Ver‘:f/; the gem»( wse. e, Pisa prjective matlude., f;;»g exists woelule [ rech 1)t
FrrPor ot Jorm igetion 5NN w(‘m; hive 194 F @N=FO M s njectve
w( Jine we hove S ON= (Pon)oPoN) W( fou: (Por)@(por ), 10 RON—=P@M also mo')tc'f}yg_

Theit3. 4&1{;(% Ass’otiafivif/,
Lot Rad S Je wgs, let A be a nght R-mmodle , let B be an (R $)padile wol et C b o

Héfvr S- maé»(e Then there 1s an b‘o?mrf}ﬁ.?’bl oip Alolisn érbufé' Hms( AGeb . e) ’—“Hmk( A Hopg (8,0 ) :
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- lf £=S is commdative ths is an immorphism b /E‘mo(w(es ut.ﬁ‘ the standlard B- moslile. ructures.
E’Po%)-. Note thet A®B is o rght S- modlule :7 (20b)-3 = a@(42) gl Him (8.¢) is o right
b el by 1 s e lrs) ).
Fist, hr € Hon (A08.¢) wol 26 A dehe B(a) B s b Cla@b)then Z(2) s an
S le hvowrhim. avol moreover, ® s an R mdele Tomomrphin e, B @ Hon (4, Hon(3:60) . Mow we
wsad th flton o whih asgn the { Hom ( 4@6.c) 1 3 which oletwed n ahove s & grmp Imovarphsm.
Lot 0 Q¢ Hu(408,6) thn fr 2€4 wd beB, ALt @) (D12) = (¥ ¢)(a0b) =
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Secorcl, T }{)5 Hom (4, Hoa (8.0 ) abthe 52 AxB—C 5 (a.6) ¥ F@(5) thn since s

2n fe' }dlanzﬂ[ hkf 7%% exists z‘/zy 771&741‘59» s 74//pu$ .
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\é 4

gV
c
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dutely, o hme def il wol ot id .
| The. second, erserdion 1. char.

- lord4 lf R is tommitative thn te «ffmorfroa/ueé of 1w papeive R~ tmodules is peetive.
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Fo i projective andl R is commutative ed P projective, we obtain e 75//'“;“(5 exact sequence :

(f N\
Hﬂm;[/)l, Hm(Pz,/W) —iz%/ F/m{Pl,"‘[nrm(a,N)}")O »

wd by the 45 we Iove oo (B@p, 1) L2 Ha (P@P.N) = 0 is exact . Nore that

}/ the ,mf oF 43, ¢ sa 7mrp/rism which, asign the % the {Y¥ . 7/1#5)‘-% 7 prejective.
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ﬁqyl Assane. he set. S~ f‘U‘:‘, =, Un$ opare the vector Tace \" bt yo praper scbset f A
spans o Then S o o basie £ VL Tn ,mmfm i #nitc// aehcmfeo( vecor space. oven [ is a free
J = modele

Bﬂpfc)- Toe Oho =) dn€ [ with diaSi+ v dhaly =0, seppose ﬁm;owi. di#Q. let dito

wlowge, thn e e 0= - [ Sradat G 0] the assent Ta0 o Fopang \T,
& wimdicton.  The "/uﬁau/ar " wsserkion is man:?‘iuf/ since. veetrspace 1 module.

Grl . Assume He Poite st A s the vector spaces\[ - Then A comains o basis of \[ -

Fivof, ) Let B be subset é A s tut spans \" and ewery proper sbse of [ pot spans vV

Thew., 17 pop | 0/€0u"// Fisa lbosis.

Thed. A Replacement Theorem..

Aveme A Tt 2 is o bass e cortainivgy 72 eloments ard b=, bm [ is 2 set
of /inear/y fna/cfemém Jeetas w\[. Then thoe exists um’}e;m@ Qi) bu such that o cach R €
{1, m) the st fL., bty Qi s an ) s hasis of . Tn other wowls, tle elements b

) b eon be wed o j’keceﬁi\/el/ reploce the olements of the lbasis S, still Ve‘faininﬁ\ 2 basis .
In pticalar, nzon.
ﬁnjp,) Proved 1)7 wlustion mH. Hhzo 'Wh"fm}«. Lot %21 . fwffmmﬁ Tho b, Guny, anl
v a bus. Then since s € D =span { b bl Bar b ¥, TP P, dn 6

bt + Pebht dualients A dntn=bht o @



Now, pot all d; s sero thus, }7 k,ornlem%)\ we Tove—dkti ¥ 0 moeover, we He,

Dt = 'g% bt A jﬁ%bkf g’,j;bkf:+'5“’jﬂk+a+~~ + ’7”(;",72»;.

Thus, we obtain. , span ( by bk, At ‘/'ﬂn )= 5,4'1(/2;1,- i, B, bn ) N

/Vtk;(, we show b bt Qgsa, > . An Gre /fnzar// z’no/ef;end;nf.

If Jéh nmf)»er f' r‘v(’iﬂ,oﬁrz, ~, dn , @M“ ‘f?/m Dt e Qiers +~-+ dn B = O Ma(r'

Now, since » bier Sas the tomm @, agl sinee. dhs1 #.0 & oGy e, Tave (auﬂ thus i/ irglaction

ﬁ: (k, Ari, =, dn =0 . Thus #he dnction is cam{?l/&fc.

Next, we phow n2m . lf nt N an, , then bi, o dmn, @i, -, Gn pre /,mr// a/ef,,,;/m bt

S Qi A s basis, we hve  bi dibit A dn B e divecrdn € Ji. Then we%/u/c,

oo
1) o O'Lz‘f 40 E/m-n“' 02: Gt +dnly =0, Hﬂu,e(/er finee b:’)‘O, h l’a'rr'ﬁ/ic-lion.

(o4
) ykp[me \[ /m a 7[7m'/c %m mh‘ll n e(cmm‘,s . /4»7 set af /mw/ 7 inpltfehdtn‘é Vectors %as

AN elpmpnts 4}7 sfan;«ine set %4: 2n elements.
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/DW’?P)‘ ) The #ﬁ% asserbon s b/ last resudt in thae 3. The jemow( bsyeribion is }'/v Gr2 and the

]!/'V}ﬁ aIsertlon.

@ By u) .
[;5 Eu;/g/;;,a‘ yf Ztmwm,.

lfa /4 s 4 set b# /ihear// W/e{)em(gmf VeLtors in f/:e 74‘)-/‘1:, f[iflnehj;‘onw( f}?ﬁc& \[ /Aen 7‘40& existe a4
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Fod). /Wanifdem’f by it 3.

Thd. B\ is an 2 dimensional. veetor space. over [1, then V' © Fr L pericslar, s/ 10
Fuite. dinersonal. vector saces over ' & the. swme- dlimenson are..isomorghic .

Pab) Lt Vo e b o busis of Voond e €1 "V be tle funtton. shih asvign
the Lo da) the dline 4 Dol Thon slacly Cic Fomodel Femomar phm sl
bigective . o V=1

T Let VDo a vestor sprce over ! anl et W0 e a sibspace of [ Then VAN s o veetor space

with dt}mv = 0[{/»,\/\[—1- ‘({m. \/‘/\N" )

o)

(ase |, 0[@.«\[( 00,

Lz% a1, ady aw( Wy, W be hasis a}'o \ Ana W ‘ftSfecﬂVe}. Then é/ L5, here exists
6Xf;n+ec( Zdﬂa W, W, N, ~ L Ua éf V. Z% A V’/\N’ e 2 hﬂé“'aif W‘m/ﬁ “)”4"‘
A5igh Be Qo014 1 At Qyn s 1 4 2. He Lanti Uit 4 o . We apad tht @ s
/‘tw()'ec’fiva
/“tr argitidry eV, ﬂua exists Qi >, An Such thob X7 Qi A+ B Wit Dot Sanert ot dnln

/\/OH):;MC& Qi+ s F Qo Won €W, £ W = (Lot e #2224 Qown) W Ths, € 1 YW;)&'(I'W 1""5‘(

) o/
%ma i VO = =g, T bhoetre  dim \ - ./,{im LAy 4 dim W




v Zf pﬁ'on\/\l‘r & Q;-;,”[jéesf// ﬂm assume. that d}'u» W 2o . Then ]é‘n fhﬁiﬂ'[‘&}/ Mmhny fair,o]o //%F(lr&
iz/e/)m;étf m ', Sinee Am W<oo, he par ™ V/V\[ is abe inf%ﬁﬂa/(/.

lor & Lot (0= U ke 4 (near tasrontion o vector spaces oer[i. Then ko~% s o b~
}}wa a7p.V,. @(\f) Ly )”ué)‘/:at@ 97P V) anﬂ[ dm\ = 0/67'1 @ + dim (f(\f> .

p)tfof)- rperiveﬁz v]‘pm'z 'i:"‘m7~.
vﬂaﬂ 7 Zéé & r-wW be a / 1hear- Whﬁe)fflmf.idn 07‘& veclor hces oyp te Same w%zif& . f[}Wnﬁ@rz.
Dy
nm the 70//m;;a 2 ezuzva/en'é?

() (? s an 7504’10@/;{'9«714 p

Y /‘nojediva je. ,;Br 4=0,

(3 v i J‘ugeﬁijg fe . Ylv)w,

@ (/ )‘fnﬁ/s @ basis. e7l.\/ to a 205'/: ojp W

‘. = (2) ()}V/.(ihj.
.v_'_: »,\‘ :7. (a) é/ 4?—- f
® 2 @ ﬁ/faa, (( s /'—" ’/md';:/ﬁ %omawu//aﬁism

@& =) j:'/)ce f/e, r/?menpin a}P \fﬂw/ ‘he aémw‘bn of N ase the save .
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Thlo Lot \ éw?, yeciar space. oven f' a)P diwerson 1 and. [ee W be a veetor space over f o olnn?rw)on
e, with bases B 13 »erloeaﬂve//- Then. the. map Hom/\; (VW) = Momen (F) 7pm;z 1‘[&.}’70”& & Inear
Avgushrmatians Fom Voo W 10 He ;,wé of mxn matices with vcoe#iafméx in J! Jeﬁnep([ l;/ M ;:(‘4)
i> 2 vettor e ‘sa%or?):im- In f/diaujar, there is o éiojecf:ve (‘oyre.S’FOM{emb }dwegn linear ‘rmnsi%mnaﬁm
anp( heir Gssactated madiix with respect 1o o /72)@( choiee o bases.

ﬁvv*‘/ Let fAe@'Mm ﬁhdffon be @ Hoan (V0 N) = Mg kf) [ivet ue ver}f} $is f- siadule. Do
7/;;77)”'57;;. let Y. ’91 ¢ Hom ([, W ) 4,,,5;' ne /’f

Slagt ) = (@) wuth autob)(aS3) = 2, 0ig wy
letem

\

Voo, (a@4 ) (a3 ) = (a) 54 ElUs)
= a( sy )4 YWy
= oa (higde (Cay) with @lay) = Tubigw 3,00y )- 20 ey
121¢an 1L s

Mu we obtain b 2y nf,) Wy *Z\Ci‘j"\)j < 2\ diyvs,

14 igmn 1ém 12 om
: [ Al:s . R § & /. .
7 ceover, o L @eijH Clo))- ‘Ja = ). ﬂbo) Wy o e Wy, =, Wan are //neat-//t /M&f(nﬂ/fﬂf
i< 1212

/

ve have @ harCiy= Ay heall s Brally.
Hehfp, (ﬁié) - (déioj" Clé )
=a (hig)+ (eiy)

=2 g(Y)+3(Y)

T/";Qfﬁ;;?-e'\ 33 (4 C@* KHL) = Q@ &(Cf) 4 é(d/ ) i s pn /ﬁwlwﬂ,;[g %y,: 'M;MJ/D!/:}?/).



A/W we shw Hhat 3 s }leive. C/m»é, 2 s v'n(;edivf.-
et (@iy) € Mol ). We shoo that thoe esivts & € uith (LUS)= 2 Qigwy seh thet
M ts [ motlude ‘Zmaw»,}im, Hovever, since 1, = W% 15 hasis 4V, the [- ovodule %o;ucw,arplmm
detnined , thes 3 3 strjective
(orll The dinersian o Homp. (V) is Gl ) - (dlin 7 ),
{(3»}/) B/ previous theowm, it is enugh to show tat the dmension £ Mimgn (F) is m- 7 .
C/m}, { (055 aue= 1 ersise 0) 5 12k em, I2d<n | Spans Mo () and - sine /!
s an /m‘e@;zz\‘ domain., . 15 //am//\ if)/efen;/e'm- (- Nete that vhe action 15 iertifed et ‘)/.r’tc[’fliplimfioh. )
Thes, men () Fas 0 basis with cardinal #1xn., 0 the dimenrion of /M/}mn (F)is mm.
T2 With notaians as above., /b/éf( Vo) = /‘/é () L/GD (¥), e with respecC Lo
a /muf;m“)>/e, Choice. o bisis , the /lv/ wt of the matrices representing the linear Hars mations o andl /}l
is TA& Mitrix wf@fmﬁrﬁ Hhe cavx/os’ffa [irear fmm)gmeﬁon o “Zf
Poif). Lt J/f(&”ww (@) wath (Yo ) = 2 4500y ol 1455k
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<i <o
Then v ave, [ 0¥, (4@/ o ( %y )
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14i2n

= 2 /;i) [@(c\h)}
i£izn
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1£1£h EN T

= 2 2y C.,ezbtog Wy
I£isn i€ fem

= 2 ;: = Cyy bis > Wg

nhsl ne %ﬂV& ’42: Qiy ol = 2_\ 2~ Cia LJA ) Wi, mm( Sinee fw‘,, “ Wmt s a

< iLoy I<Le n

hso, Qi :,jZﬁ, Cia bay  rall 1 ad %\m(c;
This ezuaf"f/ Show thak (ﬂg) fca - ( i:i;)'
T we oves Mg L €oe) =ty () I ().
Cor 3 Matrix Mué'iyliatﬁon isaseciative. and dishibutive ( whinever He. dimersians are sech as to make
[pma/aeﬁ a/aéhw() . An onxn agtix Als nansﬁngujap :%/’ it is invertible.
Pt /9/ previasy theoren, ue ety to show The sty wnd /(ismifuﬁviy.
&gm pove He secamns aserton, we ven‘fgz the :gli':fam% psserfion
Lot A he on nxn madix and let € bean fronodlile ’/owmmyf/nm aSJ’ocic)cfeo( with A. Then
‘4 13 nm»;ing«/ar &€ is non-singdar.
Lot 37 fﬂ)’.,‘ At be a %n‘s 7V

/(!)cf)ﬁow, A 15 non- sinsuler. [lar Z. i o eV with @( —:J Qi ‘\ji-} S o /Mt /%

1€ (2h i1 <h

3 Z: ﬂ(' '\fi éem f"t)})oa(u,é %W}mﬂﬂm }‘éen we %ayf, ((’/”4147 [ ) = 0,

1£0en

/éfn,gl, /&é ni= (/Z (’1/’ f/{ew Wt %ave Az = /"{f’(@ ’Y’) so, Z(Ax) aJi To.

'41<h

/(7);*706 {0‘['» “:j‘"\( are //hmr// mo%ocm/ai; ue %We /47, =0 f/;efl A/ assuinption , % = O je.,
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“ign

Qﬂvgryg/y,faf})om @is }Mr)'néov{ar‘, let 2 Je nx1 mutry with Ax=0 and [el Y he an
[ pedele %omzm»;/}zm with X * t/"'lf;.xg ().

fwe w0, (€o¥)(-) = 3 ()i =0 50 ((#) 20
Snee, U 15 h»ﬁ-}i%u/zar, Y(-) = 0, mueover, 0F /V[')‘,g;h"i Ui el sinee 10, - U } ove
/ihearéz ua’/ e, i< o ]é»ecfn 2, L=q.

Moo e showr the Secmmnd assention . (Z)hvevyeﬁf is obiows.

Lot N be - dimosal [ -omdude vith bosis 3300 A} and let @ Jp an [
byl %amom#mm with A= M ’; (€). Now ve arment E=5 €)=, €U tya bis T &P
A s mnf.'ha.,/ar. Shee I i with éfc‘.‘(wi) =0

Mz:,ﬁa;- ¢lw;) =0 = %(éhm-'\h) S :>l§h&e-m o T bito A all 1.

Ths, ¢ s /ihm/7 ihﬁ/effnd’ﬂt(. and ;/azré prarvise dlistingt | so 1/ Keplocement. deorenc, Tis 2
bagio of V. Ths [/ Cr D € Jos the mwrse € d lr Bic «”ﬁ (¢") then sinee ire
Iave - add ¢ e z'//entﬂ/, AB wd b A are 'ﬂ/ﬁrﬁ}?/- A b5 inyertisle

(er 14
(" I7P 0? s a Lwls o7é Jf; n-ﬁ(r'w;m}om( ,}’/,w'g V. 7’4& waf (( i /L(?; (@) 18 4 W@ anﬁ[ & Vettor

Ipce ?Sof)})oy};r))[;w}'l 7 Hmnf:(\/. V') orto Hhe sace. M (F) o 0xn mubices with coefliione J'-

(2> GZJ (\[-> A @)ZJh ([') Je;g p(i/m '\/\ = 7. In Paﬁca&y‘, lf /?, is & ]@m}g 768/0( le& mc(/ﬁr‘ o]{) f}]e.

/;n}fe 6”“{7 Gln (F ) which e?afs to ( GL v | ) s Qiven L\/ e gm/:dla, e ené( °?é Section |
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bod ) Fore O €N dlene Eug V= 5P 20D then we Jeve Eac €NV Lec ¢
P =\ A s B
Jirn a0 EN and dE fr,
(ap+dw )(f)= Ftdw )= f) 1a Flud = (e()+ & @(w)) ().
Thes, (O 15 an [~ onodule Zommwpi;m. Now e asent @ is njective
Lot o be nonzero elemerts in [ then thee exvts o besis Rel Vo cortuining o fet Fhe
on - modele Jemsmorghism. which assign S ¥o |, W0 2 it we 3\SwY . T Fev?
wi Lo (F)7 1 ths @(a) = Eap i mt 2o 1 V. This avent ber 430 1o @is
injective .
Since The dingion & 15 Fite s 4//»7#3, V7 Yous. the s dimemion, 0 15 0. /09(4/ n 7,
Ue oktoin He atwal map iy an isomorphism .
Thzo . With woiations as above, LF is o linear tashrmation b W* s V* wd f:( %,
is the Thanspose. o the omatiix /W§ ().
Bd) Lot b= 0] ad B wn Yo fee ME (€)= (ay)
itk ‘(*(“{;*/\’ - ‘5?;\}44@ SRR SN/ <5<m.
Fro | €% <,
[ Ty ) (ww) = 0 tig 0 (oe)

1£.8N 12 (Eh

. &A;.



O (wy?) () = wi' (dwz) )

" Wy (2 it wr )
by

e Mg (€)= (bi5 ).
Then ve Thave Oky = 190')/(, ;& lck< o ag Ho l252m .
Theetme , M ff (€*) 15 He lianspese of the wabix M5 ().
lor2l. fin any matix A, the tow vk of A egm& the eolumn F sk o 4.
Betre preve the Given assention e ve:{/}/"rwo pepositing.
Jhst, e two the /n//m,»,é,.
Lee @ eHom (FF"™) ond [e6 B Jen hasis of [ & be & yuta éasmﬁ/ Then
e 3t of solins & Mi. (@) spans i @ ol the rert o/é ¢ s e%m(s b5 He.colimn vank. of M7
(¢).
i vty Vi e e €00 = Oy MEeTy = (MG, - M (i )
wd sirce f;rf i1 152 basis, §/mn}y (i) ( =im ¥ s Cis [-module Zmnomm;;:im.
Thoste, the sot . colums £ MECE) spans. i .

M@ fm;aw( assertion o[(,n'vw( /mm ﬁ;m { .
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5’&60«@, ne verh//?/ the :vg}[ou‘»és,
Lot \ be ite dimogord and W be o schwadele F V* then, sl V= dios (W7 )4 i o (%)
Ifa Ao\ = dem W a/ezu/v Tolds. Lot £ Twi- wor 1 be abans o W and fot B -
T W S, UtV de e dasie & 7. Who Amlne®) = 106V 2ar)= 0 fom ol Fevr”
Now e aweit | Suni. 51202 5] spns Ao (1),

/E'lk% ne ASsent ‘\5;,,46 Anmn (V\f*,3 7€w euery 7 .

F 3
[ ever L &y w a EW .,

l‘ <hL
= ) = =" R N
AJ &0) ({\F%‘Lﬂ Ji »Z.Yl Qa; ’Vg (i )
°}<'m. 15¢m
= 2 QJ' 0
te)4m
e
*
72‘«9; Span ! “\P%l*i 51203n r € Ann (J\f ]

p oy . , )
/‘l"ﬂ( ]{Jr*, 21 Qi owJy A 2 Gt '\F/mi € /4rm(\/\f*/.

1€ o2m2 1£i¢n

- [ = . -

Vor eve "’jz Ll sdLsm, we %\/& f"fj,* L 20 AWt 2\ A Lomei ) =0 Mg
7 : 1€0<sm 1€ien
g .' o ) 3 )
A =0 7?,% C\/e[// A . Ilgyejf—,e, Auh(\/\f*> - pan T’LQM yleesn o ﬂw[ Jince m7 Sonei
) / .
Rre /fhmr{/ (065/7%(%4‘. so, Clim dya (W*) = n.

Hma, ﬂ(rm Y .= 5{%(W*}+/ﬂm ,4,,,,(\/\[*), R,



Now pe shoo the Gor 21
Let ¢ be an /7* wti/g %o/?;;aﬂ;:opnﬁh; /’m V.o W . £;V €3] An;L. f/m 20 4 Qs enm%gf; P
Show that the 1ank of @ and the vnk F € we e same .
Sine  fe k) & WHL) o
= Fole () o hrall e\
& =0 B all xeCr)

S fe g (¥60))

}'/cmfg, e %ayg /A’,’r[‘/*) - 4nn ( ‘€\/\/\> o (2) ﬁm/ by /far ? we “/ch

i W = plim fer 90*7’ A @HOWF) — (3)
Thas,  in ( CHOND ) = din W* = di ben ¥ (80 )
= plon W = clom Ao (Ctr)) (A/ (2))
o (€ ) ( Z/V W ).
/37)22- let 4 be an n- waltihear oltenatin Junction on \I.  Then

) @y, e, i i, i, W ) =~ @ (i afa, o, ah) wy i
ETL o ni ), e, He vafye 3 Conan n-tuple 1s nw if two adjacent, components are inter-
Céﬂ"éeé‘['

@) Fineach 6€5n, C(Ssr,~ (oo ) = €062 @(0,~, 4l ), where €(6) is tre

sign F the /pﬁmnuéion, g .
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’3) If(\rl:.: (\«rd\ fr tle,y ﬁu'r‘ »’fp(}sﬁncé i'éé fl,z,-“,n? 7%”1. %(‘\ru"i/ ‘\Fm)" 0.
Y I]‘D J% s ;ﬁo/&ceo(éy (sz+o\\f(; in (a0~ o) }’arﬂn/v Py ) aw(aﬂ/\/ d € R, the value
D}D C/ m #us N~ fafle, ts et c/mxéeo('

Beot). |
W Let (<i<cn-1 anf # J3 B led € inl, itacjsn wi dethe the. Fonetion Y as

V(%) 1= @A, i, 29, Vet o, ) then ik is enugh oy show Pt
V(%) = - Ylup) .
Sine (P15 alierativg, 0= ¥(irgary) Y2t P uw) + ¥ (%)t H8) -
Ylt5)+ 24 (g,2) .
Ths we fove . H(06) =~ Hox).
Q) Lot 67 T Th owith Te=(3.)t1) prowwe .
" Then, we fave € (i) =—| fr cvery ioanl €(6)7 E(r) v E(th), we
tae @ (Ao~ om ) = (e @0~ )
) flor (1.3)€Sn. by @ ve te, €0 ) ¢ ()" @k, Wi,
so, €(0, - adn)® o‘.
@ @l A, deo i, ALy W )
= YL, o, 4 Js i G, 0, ), )

; / ) / (y
we optoin, %( f\f\: , o0 ,‘\ri—l,o(‘\):;,'\ﬁﬂ,‘ J ’\f;‘—;,'\f;,ﬁjc;ﬂ, e onfu) s Q0 th, & 05wl

,”/ku»ép u/ﬁ:g):e‘/cr\ )qup_iv;u[,"ﬁ; ‘\D )7 ’\fi 1 “‘UC} WJM i?; .



/?op13. Assume. s an ”/L-m(#n‘.‘inur m[femaﬁre ﬁt'wﬁf’on on \[ anﬁ[ that lér“ some. S1, -, dn
ordl Wi, wa e\ ol Some. dLJG R we Have Wi = dydfite+ OZm'Lrn, <, Wha e

o(mr\ﬁ e OKnn ‘\PY‘L- Then Ltﬂ(%rl,“‘,lf\jn ) :ZQ(GJ O?O‘U)!“"O?O’Cn)n Q(ﬂﬂ:‘“/ ’\frJ .

6€Sn

Pod) Lt N= 11w nt, B
CP (LJ\,“‘, Whn )’ Z f{(&/tl)l\[\f[,l)/ Ty af('t)nd\}e('.l))

fenv

) Z-JNWKOI  Lpon @S, S p ) *zNaﬂ'M“‘ﬁhm (e )
é eN

7t is i;g/ccﬁ?\/a Lis fm‘ injuctive

Now, -7‘0 fo is not mc)‘ec‘!}va, Jér some o[)sﬁnaé 'iana(; ' ‘\,rfa‘) - ’\yf(oj) %0/0(: Then }:)/ @07{; fzw]s

22, ue Have @ (t0, v, T ) < 0.

50we, /\/ 18 ]ﬁm‘f&/ fd?s fwé')edive, w/'mever‘ )‘a {3 ira‘ec{éve, . Then l/ & 070 p;a];l2 ;) we %ave.
%( '\ff(l);‘ ',(\I\f[n) ) - 8(71)) ) Cf(f\)’\,,-' p ’\Fn} ]ﬁv‘ i»&ecf:on 720

7—43‘15}5;&/%0\%22}1 C(w, - wn) = 2 £(5) Ao~ Agoyn (O, ~-,afn) .
Gésq

le:zll}, Thewe is a Lm)gaa Nxn detorminant /umfion o K ol it can Lr/c’oow{ouf.eo( for any .

Nxre matyix (0(9) L/V the. %rma/& © olet (d‘o’ ) :Z () decnr - dewn .

6eSn

ﬁl’bi‘;/}v /T:'yft ve asierd olet is an al‘fermr’,inﬁ ][Zmaﬁoa,
Let & with M (®)4; = MUE)y o ]ﬁrébey l 2k<n ond Ar CESn, dedre 2
mnle Pas P la) < 00600 o fg t: NN, imitnineed, 315 | ~

f/e‘é /Qi{j) = Z E((Y) /“/(('p)o"(o, T /1/( ((/)O'(A)n,

0eSn

- 29\ ( ( €(o) M (CP) o)l /"[ [‘UO‘(n}n}’f (,g"\6”1)/”W/\@»t)u‘ﬂw A"(W)(emm)n) ‘
CESn /
()
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= 6%’; (( EOM(@) gy M ) sy )t (- €T M) 6131 Moy MU 500 ))
ls)

-5 o
6E SN
rle)

=0
,TZI(L_S‘, /_/x)omv. (/) %Dj,d:f N
I]f @i an 0‘0/6)11';7 Le. (lp(ﬂp&) Wi . Where {M‘:,W, @"?anzt f”d"“"“)—")( ove basis °7£

VW( W wth Y€ Hoon(\f.\/\f). sz, Z Qc‘; Wi Wi se Smee W, Wn ae

[2(24n

/lhmr;/ leprdnt, . Dii = | el 2jise SARS S SR
Thoee, det (1)= 24 €0 Zotn 1 evon

esn

= 2y €0) Aoty Qgon + 24 E(6D gy~ Agpon

6GSA Géy‘l
i 6=l
= ¢(iol)
= |/

T}Mw , //Xiatm ( J‘) %0/0(./?.
Next, we - /&i& te an%-meucgs. fkpf)ax Yide o ]‘chﬁm sutishes axiom (1) and (2) . Then since. /%

fs an ﬂ»/femafih@ ]Puncﬁon,

4% ( %C‘U’J, J f(@n)) - Z £CO-\> @o"(/)y o ﬂ—d‘(;\]n Cé(bdn o, wWa \/‘
0&Sh
Wij’/ ( 4@ ; tE /1/[ (@) iQ anoé /]7/ Qxiom 2) (((td‘nn cuda) 7L
ﬂm?, (lﬂ s *‘;c /me(:ﬁan [(66 .

£r25 . T/n—/ 0(61‘6)’41:4’/)@, st N- ww@i/r’ne@r Kmm‘ion o)p f}lc_rpws dp Moxn (R) mm( ]gr w«/l nrn



Matrix /‘// P/Qﬁ A= ﬂ/eb(/“'), u,/ae/ Aé us 1,(& ‘hﬁ!\}foj’g o7l ,4

P) mﬂp\)

M(Aé) - Z\ £(6) L'A'Cio‘(;)"” Ap6en)
6&5n

= 06 Qg Ge o(m
6€Sn -

: Gg; (o) Agtaw) ¢t Aglem) 60
= e A
Tw2d  Coners Rule
i 4, An are the tolumns # tn yxm matix 4 anl B+ Gl d, P some ﬁ, , B
R, then fidet A det (A~ disi, B, Aitr, = An)
/me ;) Q/m// devived Fom 3 o 7P 23.
(2] H R is an inegial choin, Hen det A< 0 fp A& MalR) 7 tle coins of A an
K- /ihear// y/afenz[fwﬁ w5 elements of te Foe K- module Jf) sl 1. Also, oletd = 0 # the
rows of A an - //‘mfar// Véfenz{/mﬁ .

}%ojﬁ'/l‘ Jihce olet A= det At the st ase,fion mf/fffi the secounsl.

Fiast, assume dhat colimn of A" are /inw/y iméfendlemé aodl Q=Fidhit - 3Palln 15
o/efenc/wc relation. on the cokamuns of A with [5(‘ 70 . Then }/ Cramers Rude we %Aveﬁ‘ et A=Q
pive s on fhffé)do( domzin. olet A= 0.

Com/e’ij’e//, Aswme Hhat He columns of are /mmr// rn/?w/ems, Lot f’ be the ?uoﬂ(/uﬁ }%e/o(l

&530[/'@650( j?y K 74% €V8/7/ /‘/2' //5&( [ 6”6/07/1071':(59)1 on en wm/ Zc c’or}fr‘o/%o( 0s an f—' ’7)/wav/€ eM[o -



Jec (14

Wfor/iékm o /‘/ow ety F-lingar~ cmdyaation B the. colums. oF A sives gn K- lnear conbination Z/
%w[tipl/vf’?@ evely Hensminstor of coctlgient. Heme  colums of Ay 41~ fin, are /mw//' indeperdent
$0 .18 a LMI'JQ},) /L?".

Lt € fP2 [ A i e g idenvy Fruedude Toomaghons . 37 dlee (41, n) = 0. by
pop 25 dlat ( ©)= 0 Vowerer det (€)= | . This contiaclicts 1 #0.
o Thn28. Jor matrices A BE N (R), dlet (AB)> dec (A) olet (8).
But) Lot @ and U Jo R ool Fomotsagisn wth ML€) = B and (0] 4.

e = {0, U~\§, W, - 5 W Y e luss.

/\/ow, @8\ - /)-{/"((\/\(_U\;)

N
o

- P \ o ’LLUk )
1 &ledn o
D) R - N4
E0 7 k) HK

Hﬂ@}/vmi;/v prep 23,
det (A B) = 2 ¢lo) Bowe - Bovon st [A)
CES :
< et Boodet A
TAﬂf\lé) (ﬂe ﬁoﬁdoh Eeparsion /rbrm»(’a, w{ong), Tl'1e, Tth ruy )

17{’ A= (23 is an nxn wuiix, then freach Pee i€ St n) the determiant of

- A @1 be. ﬁwﬂ'{l«ieo( hont the émlwfa, dlet, A= (—1 Y iy dlet, Air 4o+ (= )Hadin Aet Ain.



/Dm#) Bran nxg matix A and 1. 1<isn, defire DnlA) i%ﬁh(*’)”é Qs deﬁ Aiy .
We veri;/ B is the determirant, Ferotion b/v induction on 7. |
I/{) =2, Jeg B- Tali. 0 ¢ be o basis & 2~ dimersiona. /Q‘ww(w/e,ann( let C he an R-
tuodile 7501/:0);:0»77;59”, i Jet Qi G,y B with C(0) = Quali+ GarJa g @LCaps)
Q1200 +la S . Then wye fave $a (@) = 07 Qi dot A+ C“')H'Zéizxdec Aia..
sl 2a(@)= Qi baa- Qi fay
i iz2 0.(@) = - lay Gt laa g,
Tos, 9a(0) = Qui oz~ iz 4o .
Or the other hand, dee (@) = €Cio) Quy fan + €C12) Qo Qiz = Quy Gox- iz Uy |
Bssume 123, We check $h sarshes axiom (10 and @
Byion 1) ‘i3t we vem‘} D is mlsilinear, Do is /imr/x in the - cordivate 7£wever7 .
Since every Ais is ouultifimear, wol Ak olbes rat Défeho(lw k- colwn o A . Thus, n is
madnlirear. Next, we vcn'f/ Dn is alrermtive., ameme R~ colimuy ongl %AV column ore Hhe same.
Lea J/ Bssupptiant., o 5> 7 B, k!, des By =0 Snee dik = Aitrr ool Gik = Givay
Qid det (Aik) = it olee (A ekts ) gmreoer, (D" Gy, ol Did + (=™ Qg clet higar =0
Thus, $a(A)=0, Pn is alenative.
Teetne. D w;‘gé/ Axiom (1D .

MWWI 2) 5(97116, i7{j ‘>:"<9> ’ déﬁ(i‘]ia): o, &é&r// pn,(/l) = (.



See (1.4, 11.5

Thodo ( Cobtor Jormudn e the. T o Mate ).

Lot A= (0i5) be an mxn matix anl et B be Hle taspse oF its matvin of estuctors, i.e., B=(s),
whoe ﬁz,; = (=) ot Ay, 150,340 Thn AB=BA= (det 4)-1 ) Moaser, slet Ais o unik
in R A g wik n Mnxa (R 5 i the éase the matiix ﬁTA B s e inverse of A .

/Dmfﬁ). Jet B+ fﬂfw‘ , Un ( bea bass o n- dimensional. R- modlule ;u»ﬂ{ Jet @ ool Y

ét‘i /8 vaai/u/g %o’hmwpéiwzs vvli(/l ygpygmﬂé}m e/ ana{ B mpediVe/\/‘ Zp,(, 1, 1eisn,

(o C) (a5 ) = 3y (ag 2y (=)™ dlet 4y V4 )
l£3€n

| <h)

N

= T e (=) dee Az0 ’Lfﬁjf((;}ﬂ;a (=12 et Ay )V )
1£32n I]i:f{‘ 1£3¢ h

?

Now, (et @ (Vi) =ﬂ<€(dk) Vhtt  anl feb Az MO then e/eax} We have

{
\

|
}

L) ke
det (? )= 0,

— Jet > — ) - — -
T A 0 e dge = Ta (0 sk dee Ay 7 dee Koz 0
2 °

| SJ‘SV\ lﬁ,\'éh

Thoetwe, (fe @) (i) = det A-0Si 0 = dee A~ Hence Yol det A - ol
Pl mglm"/, we e Qo = dee 4 - col.
The Secouwndl assention is Zj thin 30 and Pzt asention,
T3l & Mi any R todde over the comanstative ring R then
(D) T4 3y an R m’@a/’wa, containingy /A ith mltiplieaton Aefned éyozmﬁin@

(Mm@~ &@m:)(m/e @n'y) 10 @m@u o o



4/10{ 6)(7’%/ A0 Sum$  Vie f}Ie ﬁ[?ﬁﬁéwﬁvz /zws. With wspz&t‘,@ his w»/fip/ica‘éion

Ty ) e 2780 |

®) Universal Fmp@ﬁ/r Iy‘p A i any /ew/eel»m, wgl L M= A s an B-omoolefe Hom~
mwrlﬁyfm, then there is o wnigue Q'a/éf«[ma, //ﬂmoomrf%m o TIm) = A juch that EHM: ¢,

ﬁvv]é) () ;ince,({ ! >£<r,i Mo %-M is 'mw(ﬁ/inmn there exists uni%m, ¢ s Trpe:

>L{\/.,,[<_,,.—>¢?/14LL§(§>/14)>< ((?Mﬂ_ﬁm @M — XM
' 1

. 3 .

]/1 <V (F \Ll

M. —— € @M e %M

with o(i:ivw( assgnmm‘,. Thes the ﬁlfs?rga( Vnh,(ﬁP,itmfion, is el - dc'ﬁnca(-

/CI}'W/, M i eméué{w( 4o Tl ), C/dar// Tlan) i an K- a%ebm_,,

@ fme., Y XM = A5 (my, -~ me) —> @lan) - - Coned s a matilinear a0 e,

e h/M{aj& %mzmnc»ﬂrisw', &y 7/*["’“)’“"4 . Wetae @0TM) A with &lm=F.

/0@31. Let [ be a fimze e(iwzemioua(. Vettor Space. ver 'Ma %e(c( Jrowith bosis B= {‘\ynf s n }

ﬂt’n Hhe i— Tensors L0 @\, wth ‘\ﬁ‘; ¢ B we o vector space bosis af 7"(\f> over /CJ L,

fzuiab/ar, dim f Tk ) = %,

/bnw?é) 7/;/'3 ]%/4/[«/,5‘ Mzmwliaée// 7&«%, Pm/y [.2.14.

Brf33~ Lt S foa émeéa( gy, let L be a aytw(u( ideal in S wol let L= 1Ok Hr all

k 20, Then s/ Lis ha,fumlly a yu(eo( }’in@ whese. Aama@cncou: m»/)onzn,t ajp Qééne ks igormao]:fn'o

Ao Ste /Ik

(

—



Sec 11.5

7»074) Jot Y $— @ [S’i/I,L) ) SiE> S+ ] fworw;ae.
Jist we asset b= L.
€) VaeS with ¥a)= 0 ad lt 2=l 05, ) 714:,,,6'7 aign men of Y 4t1ico0
bie ] ,{k every i, Thg, ee®l; =1,
@ VieleS ad fo 3= (G- 55,--). %m:ién'm«l A Y and el }‘re‘/ﬂ’/é;
T we fave Y(i): o
Net, we shms 5/T s ym’eo( g - L sdloe Ao show that (2413) (bt13) = ab* T o
0S5 wd heS5 1 wil- dedimed.
Jon L €1, and 5EI5.
(ot +1;) (bt9rIy) = (atz)(bra) + Lirs
= ab+ ag+ bt 291 Tag.
e Nows , é/v reLic S aol € Iyc Sy, b, 9a eSuy mueover, since Lb, 92 €1, b, gae lirs.
dhe(&/za.ré 1€ lay. 74mjﬁm, (atz+1y) [ hegt15) = ab+ Ty
Thn34 Lot M be an R-modleover the commutative R enel (et §(41) be its 7Wne‘fyic olsghre..
D The ko symmetic puor, S M), & Mis equal ds M@ 00 (% thetors | modado
the. submodule aeham,&wé 'p'u/ ll. eloments & e Frm.

(’}’IL{ g - @‘hﬁk}— (%L@(,;@ - @mg(k)}

]é' all mye M ﬂno( &éi !ﬁem:;;é;ahnxj 0 in 1/)& J/mmez‘nc 6//0575 gk.'



@) Universal f;)a];d/v Zﬁy\ 5}m'mdn'c Multilinear /40775

s e s M= N o i &l map o R skt 1 avumige. Remdole
%MHM/)OT}IN%L :SH) SN sch thete P 2 L) whee 1t aixe v M = SH4) e mop
&#045 Lt ma) = m®- @mu ool CL)

©) ) Universa,( P mfet/v lgr maps Ao commutative R: n[éebm.s

If /4 1s an)/ comamulatie. /?,' z»/éd;/a, ana( C/ ‘M=l i an K- maﬂ/b %amoqvahirm, fém firm, a
s a Lmr’}ua /\7/ a(aebm %ama'mo)ﬂn'mn ¢ S(#1) = A such fjnﬁ é(m - (/

foit)

O L is. ermgh do sho that. C*1) = £ fone- 0m)-tmeuyo- @maw) o |.
A/m'/ that Since. Cl‘ (""l) 15 an io(cw( 5enem\‘.ea( /)/ %Mwée);eaus ekmmﬁs, cvcy ok'mmt has 4 %mm o

M, @~ @Mmi-1 ® (Mi@‘nlz—n - M Om; ) @ @My - k)
finco, (#i) = (Frian ), ck(m) < ek, Jor every ¢ St thee exists T€Se .
dnﬂ[ 7 s that 6 = (i Tt T . The é/ mafmmé- "é?cnf"fé/cl we fave (¥s) = (¥;), ck c ck('“)- —

@) This o }7 the 7{//'»5'1& Maémm and. mie that since (f i )/mmemb/ (f/” T=0.
X s THm) <=2 pHau)

ol ¢ e
NEet s m)

@ gh[&, 2 :),5 M= A (- mn ) s Y (ma) -~ Home) s & el linear 7)1:7,

we fave 140 Ig/wng 3
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XM e SHa) T2 @)
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(o35, Let \[ he an 1~ dimensional. vector space. oter the Aelol [, Then S(V) s isowaghic as a
snadec. Fi- d@eém/tu the. ving, 4 ;"/vo/nmaé in 71 variahles Werf Tn prticdar o&mp(S )= (Fit)
Bod). Lot B 1000 0] hen basis then by prp 3% there. exvts one o ane corvesponalrce fom
B* a5 o basis £ F TH).
Now, we defne a rlation b~b’ i (R%) Z hi= bow A 1cick drome 6e 5.
/%n;/céwﬁv, ~ s an equivalent elos. Jinse by thn 34 00, ve dae SH) = TH)/~ o we obtain
ék/rv s o bsis £ SE().

- We nfw/qn m7 apresentative Ai hr ez.t«-va./caé class /o as Sio- efiovze- e o

&,i fflmrs Q% factors

. a} .
7 , writlen ('\f, T Un " ) with jﬁ\a 76 7Irn ev&7 7. ///Mover, Cvcr/v re}pmswfaiiva forrﬁfam(fné

Ao monie 'muna'mmi/s Hé ﬂ/e@re& k in f'["‘h Ll
mts, S)k(\f) wcr/_" Iso’}rm‘y}}lic PR A TR 2
— /;ihl*i:’}, we vm’f‘} ’//’m[»nfltu/w "- 7/'1'/ Oéﬁhen}fm -]a 5,%\/\) ) %c mum'?&r 0f; fﬂir‘ Ay~ An € I
= 1<,+n 1) '
neh that lZi\z & k. Ths, a/m (str) ) = (% /-
‘:)é

T3 Lot M be an R-idule over the eommutotive ving 1< R el Jet A M) bo ids exterior aj@&m
() 72& %#,] 6Xf&Hor~ImMr: /\k(’”}, 8 %w/( o ME - oM //é /acfors W/O&d{: T})& ﬁtl??ﬂaﬁ/uds

gehemffdl é/ Al tlements v/ the %r,



WL, @MQ ® - @7’)*1 W‘&"D nip = 77‘&' ]gr,)omg 7 ’*a R

Im/mﬁculay, I A Amg = 0 ,# me o= my }’ar jome 11 .

(2) Univem,( /?opey? igrr /4/1M/h$ /{’lujéi/:'necu’\ /Llaios.

If & mxx = N s gn a[mmﬁ»@ - mcbsilmear~ mep Hhen there s a uhighe- R~ module
Zw)pw)o??himn ¢ Ak(M) — N Such 'f/la/f: L/ =%, wheree L1 Mxx M — Ak(/’l> is the
map Aefined é/ Vmg,mg )= mi A Amg .

) / = 7 N B N N N .o . )

/?/,»7[- () We shw that J]Z(/‘/‘) f”Ll@ @my 7, Ty {173 Amp=amy) | - B

) /Mm;/euﬁ

=) /70%, we nste that ]ér n, m’ e M

m om = (m4m) @(m'rm) - (@M + mOM + m @m )

~ oo m gmodule A(‘M) . ) =

n

TA/M' \‘/‘/67 m, @ - @Wlk IM:*/» M= 7;1) ]{” some 1‘#3' s ez,“'v‘/fn{ Fas ’WLlr ® - @'mk,;@'mkj, e

Thus, M, ® -~ ®mb i in A1) f Mi =3 hrsome dstinot z‘molé‘\.

The Sez*mc{/ assention is clear. B
@) ¢ ]ﬁ//m}'S ]‘awm TFHC and rote that sinee ¢ is afrend:’;s, Yt=0. . -

%M TH) & A ()

(/\Jéé,fp’ j/cﬂ[tert

/V <f@ /114(//‘)



Sec ll.

)

—~ (o7 Lot \he a»ﬁ‘m dowersimel. Veetor sprce overthe #Jo( Fiwith basis B+ f, = 1. Then the
veetorr Ui AVia A A5 B l€ii<iz< <k 2 M. are o basis of /\k(\f), m( N) = 0
whn KON 1a /pn:h'c«,/a.r, ol ( A¥60)) = (2)

/ijp}. By #&/mf"'qf P 380, we I, L @ =~ 0o wodide A V) ive., ' nm= - Ao

~

— Z/v the vesidt of Han36©) we Aaye Muin--Aimg =0 W e =9 G et 5 od § s, Fa:=
. Tl A A 5 (2hcociven | 7pans A O) and Jot P be the cardnal F Et.

Jince, k21 c/tar//w Nr) =0 Noume et f<n an/w,uen// D4 i /ihmﬁ} wéfw/mé.
- Assane ot B 13 1oL lncarly nokpendest, thee exss pantiviel A5 sch Hat g;nk&i- Wi <0 whee
T Wik Bkowd M 2t0 wlog. Dethe. 4 p FivEsFoohih s jiuen by the amgemt i hass,
| Tu A NSk 2 1, ofhrs = 0 Thn clorly . P a/mmwé okt linear e 30 con Je extend 15

@ N )= J T aff//vmé 2;"?1‘ g5 < 0 }7 Y, we obbwin L17 O, & cotmdiition .

- Thoshe, Jt is o doss of NU0) o sts awolnel s (4 )
h ﬁap%& Y Yis edlpmorphisn. an an 1~ dimersional. yeetar pace V) Hen N (€ (@)= olec ()
W ;‘ﬁw A we N(r).

/;’?pi::‘."' /af fs wmuoq/{ Ao e 7‘4@1 H i e ol teraminat: /Mdion . By constactonsf /) (CF/ s c/zm}’/v

)

Qé‘dr )15 7//»[f//{lta)" 'm:?. &hhén the /dgnf/}v He |.
/;947037 Zeé 6 be an lement. in the :}zmmdn‘c Growp Sk a»m/ /eé e(6) e the fian o)ﬂ r/a per -~

mutalion. 6 . Then



1) fo cay Ve SHM) we have Wt W, and
& vy e NN() e haie aw = €)W,
foit] @) By tha 38 0)
@ by the /,m# of thw 36D
/DmpZFO S)L-ﬂma klis o wnit. in He e R and M an R-modde. Then
0 The map %1 [ %m indluces an. R- module. isomonphisn. betueen the h.th symmetrc. poer- i
Ml the R-shmesle o ymotric £ tasars 115m: 50) = fymmae #-tawns |
@) Thewap 1 At ndecs o B-oude somaphin beseon the. 44 exteior puser 7
M o the R smodile f shmtieg #-tomors - B10k + A (1) 2 [ohawdgy £-t0r0r{
Fob) 1)t siffe o sho that b (3 3m) = CTo0)
@) Thmd4 ) pswerd - m@- @my o) @ Oy, it ﬂ@wfw»ip C* (1) anel sirce.
%7 Sm is mbilrear, anol GTSm) (%) = O | e hove e incliion,
©) Lot 2 € Tn) wrh Qi) ()= 6. Thn we have T 6%&( 0l2)- 2) = 'i’(‘gﬂ&’?)-
Sinee 1/ Um 34 W, 62-2€ C*(m) 7£"6vc7 T, We bave 2 =z’:‘%&c-z’>4 o) .
@ ly st 1t sho thel ler (1Al ) = A (2.
Note. thet. by the prcd o pepta©) we hue. 7@ =@ modlify (1) 5o by i,
22 80090 mdefs A (M) | 7

(2) //{, 5’“7%[/8#6%‘9 Mmf 74* W= M@ @My with 7"1"77'!}' #rlf) A ffﬁa\)@L) =0



G A) () - 5, e v
) 6€Sk

= 2, elo)owm + £(33)6 ) (ige & (m)
6€5:\) '

= D €6 oby- )6

= Q0

@) Jot 2 THA) wth (F146) ()= 0.

Jince 2 - 72% D, - 6k anﬁ[ 2- £()60>e A m) #emy 6. Thes, 264" ).
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Tl Lot R be,é, ingy ard fet A e a (bt R-midide. Then the #llmyé we equnlot .
() M is o Noethertan K- modle.
&) Ever/ raenpty . 5o P sbmadedes £ M cortaing o mimal elomert. wndor inchisian.
(5) Z‘:Ver/ )’uf;w,-w{;d/a vip M ois %me/)/ ﬁencm,fea[ :
frest)
(D)D) Lee A be @ o enpty tollestson o sdbaodiles o M . Suﬁwe, for ew’/
NeA toe aiste N €A sk that NG N Thon e dhbain an incessiogg choin
No SN G v+ G Na S . This comadiets M is Noetherian R-mcdule.
Ths, INeA YNeA [ (FneN n@N') v (Vnwen' n'end) s,
Then Br N sk et NEN". N=N" holds. This asserk N is sl
@D DG Lt Nl o pdwodide # M | bt B be the collection oF 791'7'1'16// 3enem£eo{ Submodule
BN Notat sie [2]€ B B b rbenpy. () avat B b sl 8. I BN
we’re doe .. Sippose nets tee eists % €N \B. Thn we obitain another submodide. B chich
@wmmeegi;/ B and « Wf;/ c/éarz}/ B’ s 7@»1;1'5// 6;@@3&0( . This comadiets B 19 mavimal -
G U)ot Ao © My € - e a chuin o sbmodides oF M, andl N = UM s the
sebmodde & M . 5\/ (3) ., N is -ﬁnﬁe// 6;encmieol) N=<an s~ an>. Jince ayeN=UM
o awry 3 #is zm/»/fes AL e Mi noeover, ue pick i o w/ucr;v'm/J VyaiYhe) aneM;.

_[Ae; P 7 Vg e My Thus M =N and Mis Noetterian .
J



lor2 T Risa P1AD. tha etery rovencply et o ideals of R has o msimal elements ardl R is o
Noetherian Vl'/lé .
Berf). By dotition, wery sbmodike af vodule P is an ideal . TAQL every sbmodile P
P Rois itely goreated - Tho, we'e dove by puiss tooen
/5775 let R be an inte@m( domain and It M be a ﬂee ©- omoslele o7ﬂ vndy h< oo . Then
any M| elements of M ore R- /inear/\/ oéfewén,é/ Ie. )gran/ P, G e M there are
elements vi,~ -, et € R .ok all 3evo, such Bk 54 4 B Gan = 0.
/jm%/ ) let Jile o uatient Fie ol indlced & im‘eam(ﬂé?mln k. .

Then, M2 R™ 2 7" ol

Now we assext " 18 the [i- onadule of mife n. ([ Ths Tack is nnswind.. )

ﬁor ever/ Qi Gt € M, Since f’n@;s fr- /mm/ iméfem/mt) there exists Vi >, Mt €0
nch that 24 i Qi = 0.

140 snti

A/ow '€V€I/ rié’/: %0\5 7‘4&74«/)“ '_;E‘: w}bé*a n,fE, 7@6‘:@\ foz} vxe,ag]&u)z.

— r,,l

L 7; Cgo= 0, m deaver,
2 ent]

—— A )

2 (f' B fwrri®)%ic 0.
140¢

MNow \/7/1 7¢z 'fm:' ri’) R ﬁr 91477: .

Va ” 4 = ” .
T/IMQ’;Y\I;VQ/“”'YPH/IéE, LVL‘ai =0

€02 Nt



See (2.1

vaﬁr iet {Q A!'e o Pl-‘;\)) /@6 M Le a 76.2& f’fmwé‘/(; ef ‘/ehife mné, n AW( et N A&a,;kj?maézje 073
M. Then,

) N is Tee of anly 7, 90 <N 2nd

&y #;C*& exsts o psis T of F1 30 that A1, >, Qi om0 a bpie ”Q Nubere Qo Gy are

ronders elements qp L v%%‘%e/ p(i\dsﬂzi(:iiy velations (4w) ¢ - e (@),

/;w’,“/ 17() N= 0, both asserding ave abyious . Lee N#0 .

/E‘or @ ¢ Hoam {M,Q} , @(N) 8 a ;sz/nMe ajp /6, snee Ris a P'I.—D-) fgrsarmc bg €l
W) = (aw) .

Aeiow) s CeHmlnr)?l

Note that  Since id € How (MR, Jé is ngh éfmfn‘/ %@rz . /‘% has W"Wé eloment

U(/\/} ﬂ.n&( /&6 6/1/1 éc an @[c'luu:.t m;h‘, FUUV) - (a’/.

Vit we assert Qi is non - 2em.

Let A, =, An b ang boss of dhe fee. modide I andl  Jot Ti € Hom (41.R) be rk- patural
Pmo')edion.
fee NEOQ, Ti(N)EQ Jonsome T, ths assek 55 har son tivial yrodide, (Q2) s nek
bivied , 20, Moo f,'ci vé’N ws V(&)= Q) then we sssert (ww) < (a) b eve7

(/ gli“ﬂl' (’Ll' Q)

Fo uracl fet Y= VAR C CHa (MR) al et o= haith €lg).



Ten, (3= (hyvtia@)(9)= e+ (hedg = g rh tela} =d -

Ths, A & YWN) moreover.  (d) € U(N) A ve Jove (8 () dence,

(a) < (d) ¢ %(\ ). Th Wﬁwﬁ}/ @) avect,  (2)= Y (N) mareover, (o) ().
The, Jéwever/ roner, (6)= (nac+n @) Lbdb. Tobe (€)) c(a).
This shoo 7&» ever/v Ip»g)eac}m i, (W) (@) holds. Thus, for every i thee exists

biek st Tl8) bi b wd e detne D= D hii . Mo tht, by dlhirion,
/T DRilg) A =9 .

Sie, CQi=U(§)-1(Q5,)= 4, U(8) and G is roneew element m&mf domzin.,
2(8,)= 1.

Now we asserds we can pick 91 4> one- elomeré in abwe for M arcl 31 as one cloment v a base
B N, Toshoe ths aratn e prove Bl guctins

@ M= Ry, © kerd), ons
(b N =Rag ® (Nalery ).

Frirst e m&" Q. Jar vert Sme L (- V09): Ve Loovly,) = 0,

-V ()9 € ker)) and c/ear// V)% ERGr Thus, X6 Ry @ ber ), @mm}, I PR
= 2 (i) ay e M oand c/em} Zerl) <M holols. Thonfre. M = RE @ ber ).

Nedt we m// ). Jor €N Weobdain s Y0 1€ lerl/ . Sinee L(N) = (&),

2/5(1),9, CUN)G = ()% =18) c N 7‘4@, - V()01 € N morequer, - L6091 ¢ N0 bep ).



s

578& /2.

MA/ V)= (), Thep, Y=bay folde, V(w9 = bt €RaG,

7?4%#1@, L= Vg + (- vwo.) € Rag @ (NO ker) ).

()therye}, b veR . 1%, st e N ths, Raisi @ (NaLealr) €N Thootre,
N=Ragi® (N Q lerl ).

Now vee prove (1) /;/ induction on the vante m o N. ly‘A Mm=0, ten ﬁ/ﬂ/a“gnmrm of an ke,
Ynep “reR\fot rn= 0, e R i #’ni-lei}/ @wmuieo(, n=0, N=0 ie. Nisaisemdde

4m¢m 744;6 M >0 . Note fég,é N #0. /:/'y%we ;/:aw 7’4e m;:é o}é Na lé:r)/is -1 .

,fi,me, R S an }m‘@mﬁ L{Mnﬂ'm., fé; Pﬂh/t o‘ff kﬂlﬁ, (s /amo(z/v Exem:& 3, 7‘1& mn% ojé Nn ﬁer)/ s m- |

5/ brrumption 274 indhetion, Naterl 15 abee Romdele of st m-1.
Now . (b) ausent every 71€ N Yas Ye torom. T2 *If%_il”a Ni oo J' (05 jeismoi}) =
N ferl. Thewe N is free modide of vante m, e lmvw(l ()
Foally, we. pove- (39 by ndcton. 7. the vanke of M. Soce ber)) s a sbdule F #1. by ©
bord) s & e module aod by @) wd L 3. the vonk of Herl ie mm.
Muw N O kerl is o sdmdule o)p Ferl) o} vante n-l, then Z), assusmrtion, Heve exists o basis

Do I o Fer L wnd Qo) Oom €R such #hat 2%, - G Ren is o basis o Nkl and,
() e (02) Lold.

To 28 penk 14& ie[tllﬁoh "hlo{ﬂ[\? 74}“ nmk n, nk s ennu(;},, Mo 7/0» 'f/wf (&;) < (Q’/

Z&ﬁ & /7,5 o K- mdaly Znno%ﬂf/)[wu A wm‘él. 2P, JaF> 1,90 (i>2).



B Q= €(29,) = g) & ©IN). Ths shos (1) @ CIN) md by raimaliry i),
(1) = CIN). Swe Q= €la:9%9)¢ @IN), ne Fave (02) €N)=(ai).
This conple te /m?‘f' # theoem.

T Furdamesal Theann, Evistonce * Trvavint Poctor Fom.
let R be o PID. od let Mbe a ﬁﬁfe// generatec] Repedule.
WO Then A is isomorphic to the divect sum o )@mfdy mary fyc/ic wodiles. Mpe Pw‘se//v,
Alx R"Or[(a) & - OR/(2)

Fr some. integer 120 wi ronzero elements @i, @a, -, Gun F R which ave et wnits in R and
wl;,dumm;, the (am)e — < (a.).

@ M s Horsian e T M s Free .

@) In the Otherifio»w i (1)

Tor (M) 2 R4 & 08/ (an) .

lnw,‘mfap NMis a toysion f)nm/u/e ,# r=2aq an/( n #u‘s chse ‘#/ra m;lﬁ/a,éw ﬂp Alvs +l,¢

ideal ().
Bot). Smee M s 7{3»»&// 6.8'16}11:("4[, fet $20, 20 b e the smallese cardiml wirh F(§2,,20)
M. Lot RY bethe Poe R medule iF ruf n with basis b=, b ok defre the R-modile Tononaphn
© ofid grthe itk iy 5 Sme s aqpatves by Fose Tevoglm. Thoen. for wedale-,

e %Ave, Rh//zer T AM, Sine lber® iy a fdw/oa[t’c/e oF )Q'L, I}

y Yot | e aan pick



See (2.1

@ basis o Ge AR aad Qs lem € R sk that QB = G is & basi of Lo and
() c - (a.).
Ths et . M2 Rz = (R50 0R%n) / (Rak @ ®RGGw) - P
To dethe a e L Ro 6 8y, — Rla,) @~ @ Rlgw) ® Rn—m‘: Frse e Ver#}
the 74//,”«@ salement .
A9l = dn9e & di= da —fﬁrevey/i.
S R is o P 1. J). , does nat has zew divisor, (di- o2) 90 = 0 ,mf(.‘e, Ai-d2= 0 o
i =0, hut c/mréf 230 the, ol = ofa .
Thus e tan dehme T 4 ﬁ//m»e asignment.,
A9 @ @da, > A+(a) & @ dmt(4r) O doas © O dn .
Then C'/fﬂfé ' isa Surjeetive, R -uodile '//owwnorf/ﬁmn.
We assent ther ' = Ravgs © - @ Rontyo ® 00 00 =~ @
See (05 @l dmm ©0 0 00) = N2+ (2) O @ lulut (2n) 0@ ©0
= 0 .
/fn,[ zer A5 @ @ dnn bl fhen, o€ (@), odon € (@m), dot =0, >, on =0
oeaver, A€ Ru o~ olm €ROm , Amai=0, =, 0n=0 . Thu, LerTL' € R2:9: €~ 0 RlnGom,
Thenme. (o) holols and by @ MR Rkt % R/(a) © ~ ®Rlan) @ R™™ Holds.

lf? 7@%%&1, Qi is an ik , Stree Ris o PIH. (a)=R, R/(ﬂi) = Q. Soue can



renove R((A:) Thom ﬁ/wpou/ooy'morz . let rhea integer 9L-m Hen ce obtain the seletion
MAR ®R[@) © - R/ (Om) with @) ¢ - @ (4] wg,amplate 4he prost ()
Since. Rla) is o twwion R modele /5» eve7 on- 2er Olement, @ in R .
Then., TW(/'")’ f9“€M$gP€P\f°?')“4IL=Og
= 00R/ay@® - @R|[lg). - F*D
thes, Mg Avsian 749& /# Map”, %/”DVM( (ﬂ); and ly ok }/ M 5 Aosion
Wwa,/u/z, }2/(&1) @~ @R/m'hc) ~K"® /Q/(zz,) @~ @R/(QM) thes, r=0 and fo»ver:e&,iiz
r-o b/Earé( M 15 dosion module . f"im/ﬁ A (#1) = ,!.2 M( 4 = (o). Ths ree conplete
the (3).
Thn 6. ﬁuxz(/amam( Thearem . Existence ’E(e'mmm)/ Divisar Parm .
Lot B bea PI.Y. ad le¢ Mien 7Pi);He// genented K- medale . Then M is the divect swm of &
7[;'}1#& pigber of c/c//'c odeles wlpse poibilttors are either (0) or 69nemtec( by posers of prime n R, i,
Mz RN@R[pH @ - @R[(p)
whee, F20 is an integer wd ]"«d', s Yjﬁdé are fo?fﬁ(/a powers of f\/naf mcesmr?ly distinet
Zy}‘ﬂhv@’ in R
Fwﬁé) /C,W aé R, Since ewir/v PI.D.is Ufi.t., ve ohtain the /Mfon'zaﬁau

4= - 79‘03', o ?)"’3’1

i n

€9

w/m‘z 115 a wit my/ 7’[ is iryed;wibl’e mm( (V“';i gu’ékx , 7’[ = 7’(;‘ = i’j .") /7704;;:';5-



[n |
ee (2.1

F‘— / A N . N \ .
/%m G/Ca.r“),/ we &wgn 71/715 (mizue m//gc-é}oq ;ﬂ (7’,"“)7 [€rsn | /\/oq) we assert (7?
oo oh ‘ sy
£#Q 5 795 ”9( (793 / C0INXIIN QA -
fl‘nw/ M)}/ frjm, fi sre P{irhmf, The 6}'@,{9% Comamon. p/ivisg;r- p]p f& AM( ‘f) i |
N d3 g,
80 s ?gd‘ano( 7’7)"2 .]p IR
A A " J 2\
‘ﬁl{), an ioleﬂl (fL L/ﬂ L ;)/ b @memdea[ by @ﬂdﬁt aomert P[IVlSDrS 7 // +/“$1
,,u ) 0 (ro)_) ) - '
ﬂmﬂg)ﬁ/ (7150“)* (Y)SJ )=k , compimal . 0# )
/f%u‘/, é/‘/ (*f} ) (&) - { 7):3? X fl 7;;"!1;,. L L‘ 7;;:‘»:’ })01{0(3 au&{.' €V67_0/i5-ijn(ﬁ . N)"/o‘) .
B C o, dn / /. 4 / ; v
(7) [ d‘) aro( { fn ) e canggimal- . 7‘4:% //v Clhinese. Kemainder Thearem ,
L/ ‘ ) 7 o ; ‘
Rlla) & R/(f,ﬂ"/ X v x RA(p>),
Poreover, /Q/[[‘j = E CI‘-"":“", & o ’Q/(Z”nd") oo GO
T ] 1 b /
Mc*e]‘ﬁm oy +ha 5 onol (1) 75»“ a 7[))#8/[\/ ﬁehe;ﬂim m@m/c M
{
/7o ) . Y
- K}”@ ’}{/(?lm/@\\ & R/(?“dn// ﬂhﬁ(
. /10 oW )
dh/l/%/'élfbl‘ 07@ /«Zr s 0 Mﬂ( /2//[’;’“/’ R T This corvple the f,,,f,
Tlm'? _”1& Flmaj7 gecm?vy}ﬁon ”cawm,.
Let Kbea P19 sl fet M e o pmsew torsion R-miodile with rmien sumibilator .
y Be.  the 7‘2510#%6)0» F 4 into.a{is*rnm me pouers in R s AF w ,"?‘-v - ‘j" a;d/ /@f
“rr i

N‘ - {')LGM ;775&7(':0}; )ﬁién . T)\en NL s & 5“1)‘”‘00“& r{? M .,u:'?}) Mniln‘la,—ror_ ‘ﬂ?idi w@( 1S



fhe nbmﬂe od M ;ip al elements mi%i/&f@( by sene pouer or Pi .. We Yave
M= N~ @N,. I} Mis #nne/)/ 5euemfeo( Hen each Ni is the divect om oF 76“”0/7
WWV c’yc/ic modles wdose amihilators are divisors. of ?;’“.
;’%JL). fikue show M=Nit~ANn . Llet xeM , tive o is an amibilpor & 41,
Gr =0.  Sine £L=u-ﬁd'-~' B e obtain w (7’,"{’- <P )az 0 o,
(f:d"ﬁ)‘ B (ﬁdhﬂ> = 0. xme, R is an infegm( o(orman, '42»; 7’;%& = 0.
Thes, neN; € Nyt ~ + Np .
Net, ve show  $23 = NeQ s O Nn.or n=0. let neNos ANn. Then for i 23,
Pz 7’;11 thar, (P 7’51}) X =0 ad theebre x -0 .
Hente, ™M = Ni& - @ Ny,
The secound  assartion is &7 1. §.
T8 Lot R bea P19 wd leg y /fea{wzw, in R. et Ji cknote the Feld R/p).
W Llet M= R". Then M fpa1 = T
@ et M= Rl(a) whoe 2 is a nonsers clomert of B. Thes
0 i e e ()
} o it la) ¢ (9).
®) let A= R/la) & 0R/(au) whow (4:) c(P) hr each i-

Then /L’/f)/"l x /;/c



Sec 12.

bof) Thow aans o natual map om R it (Rlipy )" b assgn ke Cliy -, de) the
(At 92, =, dnt () Th map o clescly sueetie: R~ el Tononarghin and s
kernel is PR". |

Q) finst we avect fora natwal map R=>R(la)5 rror+ia) the imageof (p) is

pre p (Rw ) = (1w ) /()

Now sime R s PI.H., £ () c(p), (Pt(a) = (p) wdi¥ (2)¢02),

(p)+(a) = R . Ths,
f (9) /1a) 1 (&) etp)

R/ (a) ko a) & (p)

[

Mregyer, ;/ third i)of/n&r/;/}i,or;u. thearem.

% (RIW) /(e = R/ 1p) = ' F (&) e ()
/L/ /7)/“ =
RIA) /) Rlta) = o it (a) ¢ (7)
B) C/ea;//u b)/ @).
7},,”‘5/ ﬁma(amenm,( Tlreorwm, Uni@mexs
let R he o PI.H.
Two ﬁh[?e/y amem&zo( R- moeliles Miand Ma o isomorphic F% 7%/ Tove the same

]484‘/ vank and/ the shme [{% P/ invan ant ]pdl:torS‘.

@) Tup fihﬂc/)/ 60«&&6@( /€”moﬁ(w/es on and Mo e isomarplric I# 1%7/ %ave the same.



]Pme, yank ane( the same list o% e(ew;rmr/ divisors .
1%07@). I My and M Bave tle same ranle and (5 #f ingiaet. Foctors or e lst. of eémasz divisors ,
i i e/earﬂv My pud Ma are Bomerphe .
TAuS, e suppese My Al .
Firse we show the free wnf i My vl Ay wiw the same . Siee My x Ms, Tor(i,) %
Tor (Ma). Ths we obtain. R 5 M Tntt) &M [Ty () % 0™ where 1o and 1
ave ]Pwe rank My g M hff/)ecﬁve/v-
Let 7 Je any e prime in B . We obtain Kh/pﬁ?”’ £ R” /7’/(?)3. By 1) of the
flﬁvious /Mmrcv, f'ri 2 /;r_, where f" E/f’@.
Since the dimension of - vector space /'ﬁluhiﬁue Yo The the fee mnk £ Mo ad
Ma wre the same .
T assert the list aié @/amenm,), Aivisors 0# M ond the [ist 074 €//emeumz/u divisos of Ma
we the ssme , 4 is ehou{gﬁ,ﬁ; show that the eme of cery g/wﬂfnfa7 divisor s M1 is the
Z»buw 07é ﬁyeﬁ{ 7:'% f, ﬂhﬂ( Scnee. Ay & Ay M?/ dmzenmz}/ olivisor of Ma s the
pouer of 79 Thus e gxe»[ b prime rx
Stinee #& ?- prim module of My wd Mo s an oo hibtar-, pover F f- To assert
e [t o Mﬂaﬁa_?/ diyisors , it is encugh v show He ne Ff Jee rok of Mi and Ao

e QO ie. M anoL/ Mo %ﬁs an' ﬂﬁ/}féizéfor /Wuérﬁaf' 7J



f“ffaﬁ"/ that Te pover™ »f (-?o s an amibi[ator i My and My, We P)oveo( Zry Induction on
the pover ﬁp 77 i the mnk;ul!ator of M, ﬁwa( Ma .
I)f ]7ouer~ s Q. {"? =M & My , we're /,{anr, .

1f et . fwﬂaas‘a that the 9émen-tm)/ divisors o8 M1 and Mz are 8 iven oy

’ - . d - . J
JL/’ ‘ ;f;/. o '7/70 ’ 7 l’ 7/ 7 : )
M- times

whoe 24 dy sz ds le. My s the dimet sum of a/vc/ra Modules with gencrators Ky,
/ zrm—, L’}h:tl, T, 76;”_“:/ ;@75, WAO_;& a}"')i}l[/()'l‘br: e (7’), S (?)/(7/01')’ - 67)0‘(5/\
’respccﬁ\/e//.
Naw, the Ml?naolw[& 79/41 i3 the ﬁ[imds’mn Df 67/0/1“0 'mm(w/ea with @ehcm;tars 77 L, > 777(4,,
_ o . . o ( d.—l) o ds -1 ) .
) 7711»11, -7’7%‘-!9 with a/rmA;/ajonr (1), , (1), f PR o 4 -mafec+|ve[7o
Thes e eéﬁxm-}a?/ ohisors 076 f//[l Qe 6/vcn é/,
pAL 7)0/‘—!”‘_) 70»&—/'

ﬁb“/}ﬂ/!a,r/y, faf/:aye 11:& gﬁwwnmn/ Avisors o Ma are 5}‘15;1 ;’;/

Mo pesses g pCoe gl

v~ tigned

vhere 2 5(91 2 2 F,é .. Then the e/e'mehmr;« divisors ot 70'4/12 @Nen 1;7

N N
p

Firce M x Ma ) 77.M« & 79/1/[1 an&{ 7%6 /puercff/ 77 n the amihilator of 7’/”4 s

-1



/6)3 fémz the poer 6’7‘s P fhe ﬂh/)izxib:tor of ,Ll,) then L)/ !'M[ucﬁoh, the Lise of 9(6’”'%*&7
p(ﬁviim b% 71«[// il ;zzvl(_z ave the Some, i-e., S-1= X *lﬁnﬂ( di-1= (95 - 7007'\

ﬂ(( 2 So ts $=% a)m/ &{[:(g[ /er EXE S

ﬁ'*"’-/// Yince ﬁ/l‘/'?'l"l ~ Al /f/'{i 0 (3) o lemma § esserk /:'4,”3’t /“.'/P/“/ ~

- h+t
Ma /7}11; % /“m o This sho that M 1S = ni poreover, mi= 9.

%JN, 7‘/«& /i;f ;75 5(37/1&#&7 0[l'vf5‘orx af’ M, wil the [ist a"‘ efémnmry a/ivisars are the

same . This [Mnf/ﬁ the Pmﬂp 07[ (D

Next, we piog e @) -

Zﬁé ([’/M) €~ c (4:) Are. invanent )pacmy o‘f «'“n o Then woﬁ//‘fyinﬁ +}7/mé, ne ob#aén

f]w &[emenfm/ 0(ivi$oys Ma[ we asserd fhe /argéié invesicent /!;niom oF A, , B, s the ‘p;oa[ucﬁ

~——

ﬁk the [ar @eﬁf "f the dlirtinet 7nm poner 7 &/@ntnﬂu/ divisors , the secound| invariant Facrors o M~

L By, I8 the /zm{aa‘, 197é ‘Mr. rewuho{ /ﬂlﬁe&t t“[ the distinat Pn'me' oilj elr’/mehtay z[iviSors, and/ 50
on
1%’ [bn/ c- < ( lu) e Ihyanant Jedﬁom of /1/{2/ ne $z’mi/4r§/ obtain the
6/em€n1m‘/ divisors .

Now the list 07’ 9k¢nmmr/ 4/ivi3ors we 1he Same s Sois the /.f';t m" invariont Iéﬂuo)f-

7//[5 (rv,ul/;/c{e 745.,/0;;“;‘/ Dfi (,Q) .



Secl2.2.
i, Tl . eplot.
M 2 i én edenalie 4 T
LT wé«w tneor hmashrmation 2V
®) e (21-T) < a.
/Iiﬂa]ﬁ/\ et T be f’ - m,sé»/evméharp/;ism.
MGy, o
:V\/& piove rép.coumfwwaon.lf AI-T is a monpin a,r:, ve Fave ber(21-T) = Q . The,
b cvery 6V, O1=T) (0) = 0 mphs A ~0 The avect 2 s sut an expriae .
@ = (3)
W /}nw,.rh m:ﬁap%. ¥ ol (23 -ﬂ e, ;M, Fis o Pield, g/as(ﬁz- T) s 4 wnif.
Then /;7 f/m /.30, (X1~ T) isa wnik in hom- s, isomorphism . So )7 !9, we ;wzn
ber (A1-T)= 0. -
& = )
We. pive Hle entiadictan . Swe o every NEfi, 20 = T(o) Yolds, £ 2 is nt M a&al-
velee of F, 207 T(0) inphes =0 Thus. ber (RI-T) = 0.
ﬁc], 3. The ammimal /Zé/lmnw( g (1) s the /meesf. imwiat facar o VAl e in@ims f&m
PN dhvide, m1(2). |

Hpﬂe) Z&f T L& 4 7@)@0[ /;‘ %Wa M&é?};@rp)ﬂs‘;m uf}l n ﬁ/iillil}?iom( f—"vnoa&—o/e, \f



/;7 i 0.5 | $ince \ s Fite, diversian , e fwe % FIA / () €~ & f"["]./(ﬂﬂf"))

with (d'(”') ) R ( 0/;,;(1)), /‘l’na( }7 (onﬂ(ifion B, e "/{mv Ahn(\/—) = ( a""(-")) .



Sec 13 {

Bl T choaisie R BLF, AU, 15 ctbor 0 orn prvee TP AUF)= P thn
any de i, 77-0( e
/me/. Asnae thet. ch(Flr n, exss. fo w=2-b we Jpe 0= wlp=(a-15) (blp).
gnfe/—’i; an byl domais, 2170 wlog The we de mza. And a/eal?// we Tove Q<.
se =y b ison pnil and a smdcible sivce Fisa PLD. . Thawe oti5 o piiwe .
Let c“f')"f, e Pl (ﬁii\;__{réc’) = (1t +1)=9d-0-: 0.
- times
{270 2. Lt Wi F - b a %&nmar])ﬂsm OIP Jéa(a(? Then ¢ is either io(mtical// O o is njective,
S0 Yt e image A i tidar O o isomaphie 45 1.
T3 Lot Fhe o delol and ot 06 & L0 o an wedbeible polyromis . Then thoe. esst o Aebl i
&nfg,bxinf; an ismzmp%ia oopy 7 Jin ich f) Jas a voot.
bd) Lot K= fa/(pw). Sws, T 1 prive in FBD 5o () is agoar
il el . Thes Ko oo Feld
Lot 1 [—'[xJ - K, jﬁ(z) Hyp(zw(f(x))’. Nows, 7’!—1{\/5 s 4,799/0{ mem?/.;m m( RQ—.(/,:./‘
I+ (fw;’;a wlpto 3/ pn2. Vs ’?—fff(f'}' e k.
Nect we s 7(x) is a ';m & Pe).
froe, w(g0) % (Bt 44,)

SR AR ACIY I AP

S fnn (Xt t 4, = f(nm ).



Th ne Tave, ;?(m(ao) - (7@) ot (o). Tho e e a ot 1 i k

ot et p€ FEQ b an indleibic. plponial & degee 7 ver o Aeld [ e K
ot Al foal (o) Lt O %l (peo) €K Tho to olonats 1.6,,0"
we s lais A K as 4 vedor spice over [', 59 the degyee d the exdason s 7> e, [K:FD =7

Hove K - faom.@ to Al 0" 5 o0, e E [ cossts o all f;l/mom(wp
e <7 im0,

fof ) /’m we s §1.8.5,6%"7 jfzmé K. Z@ékﬂ(i)Q}»‘[i:)&né( lt T B — Kk b _
2 el wip. Sonce, P s an Fuelidean. dbwain, Hhere exists 26) and P in %D such thet N
) < P Hrt) with deg (r00) < dby (7)o V-0

Moo 26+ (poo) = r+ (oo

- Diaat 4 (po)

0€15h

— \‘ ; N
= 2, (0 4 (f(n) J (ot (])(z)))
p<tEn
y

.5 ) '
2 L))ot
=ten

N

/’//us, ')yl, S 5n—:{ ;74/.3 [< .
/\/eza{, e lei} { [ 8"*‘ )( Qe /ihearé, [no/cloem[ené . Zet Zo‘i" 27| G+ + b/n—/ 6"4 = Q+ (Z’(ﬁ/ -

then Ll"" bt o thpa 2 € CZ{"))- T/ms, ;ﬁr}a(}ne ?(’L), Z i)d‘Li = ?(70'7’(1) 3
0%12n-1

I 9690, wete thre . Amine F6)E0 . zf bi 0 Prsome 3, M-12 "/"’6 (Zk«,

Q<L <n-1

- 0/«3@( @(z) '7’(13 ) - ﬂ/r%( 3(1)) ‘fﬂ/e@ (?(x) / 2N a conbadietion s, e %ﬂye bi o javevey 2,



Jec [3.)

Bobe, 12 871wl ot 5.0 s £ K.

(. Lot K }wsm dmt, wd Jet 400, b10) €K he tuo /z;)}/lmmmé o#él/eﬁma < in 0.
Then additon 1 K defped swgly 17/ snal f»}zmziwi addition. wol wilipleaton i K 15 debred b/
(o) 5(0) = r(8) dee rix) o te remsisder (o ﬂ/e@rea <1 ) obtained o/mc/u@ the Po///ﬁmirim{
alx) bl é/ Pl ﬁL’zj_
a But) Lot o wdl Xo be i addition, arol nclipleatian.. Lot 618) = Got=4 Gt 87 bl6) hot
ther 0" i et alx) pt)e frix) wr) Ale) < alx) + (foo), bo) = L&H(fw} 'raﬂjuﬁvey\ Since. Fid s
0 Eclidean domain, fet 36) wd ve) be a0 b = 36 PTG &(eé/ rto ) < 94’5( P o 1)
-0

o)t als) = (aw (po) J* (b (peo) )

= bwko) + ()
a(t) 4 blo).

- ale)- bie) = (atz)+ (po0 ) ) [ b+ (pe0) )
= al) ba) + [ f&))
- 0 P e+ ( pw)
> r(s).
—~ Twé Lot ' obe a 744/% s [ef P ¢ ] Je an ivesbucille p}upm’a(. /(fou K is an ertension

74)3/5{, af /7 Cotalng 2 oot oA pe pa)= o . Lex Fd) denote. the ;wMaM of& K (ﬂ\’m:mirdrov&r /q J/v o.



Yon Jtd) = /(o).
bot) Let U FBY > ) 5 060 Al) the thn s a Feld maphion.

/\/M we dssert ,‘Cl“ (‘/ - (76‘)/) . cﬁhte ?f&) =0 we %Aye 0&6 Le&-(( 50 ne %ave (7&))(Lﬂh$'/.‘

Ad s ( /m,») s masimal ve obtain, cither (96)) ~ bor @ op ber ¥ = fiEx] Y lo = Fia2,
J/ Jist Tonoiphsn. Thoem, we fave 0= /" [’3//94 X U, o contoadiction .

Ths, ve el = (@), Fll) 2 B/ (per).

lon ), ﬁ{me i thown £ thet P o /eﬁm r. Then -

Jld) = Tlor6eds a1 Qriod™ 5 Bo, aacfi ] € K.

Bei) By ot and th &

Tn& Lot €] =5 F' foan somaphin of elds. Lot pereF 1 be an inedheile phwmal
ol et P/eE B be the. meducible polpomial obtainted by apfyey the map € 4o tle cocllicients
of poo- Let o be 2 voot o peo (insome. extension £ f*) wdl. let /3 Je a root of P (insome
eddosin o J7). Thn there s an somephin ¢ F) —>F1p) 5 A2 P mepping d Jea(é :
el Ofma/inﬁ Y ie., such tht 6 resmcm[ o P s the isonaphisn . B

foif)- B/ ssumption fhe mag & /;1:1'3/[7’(1))’“7 A /( P }p 52_;&5 1!+ (7(u>)wﬂzn<€(az) N

i+ ( 7’/(1) ) s an Jgé/p( l'swmp//iym, sl }7 Thn b we Gbtain J(R) * f"((«") wi e restriction

i the ioverphon. .



7 Sec /3.2

/‘%;7 7. L o ke w/éeém over [1. Then thoe is 2 unige. tmonic ineolucible po/}/hmiw{ M (1) €
[0 hch s ol as a veot . A pulyiomial F69 6 P63 s ol as arewt B P olivioles F6
w .

Bt Jint, we shus the. st asseston .

Sine o i a%eénuc aer [, thee essis fo&hopnia,‘{: GG with §E) = 0. We iy casme
tht 96 > msnic and mininal /cﬁn&- 5)7/9% 8 is reducible thn tlore exists 460, b (€G]
fuch that YO 2@ b Thin we Tave 0= 8)= 8D b)) pagl simee [ s an méeémi
dlomain, a0)= 0 w.l. 0.8 this contradicts he mm:ouiﬂi?/ P o/éanee sf 36).

Apare that. there exists wonc. oeslucible fo}mmzn( A6 ity oot ol - Then sinee PG is 4
Fuclidean domain, thee aivs 36 w16 in JiED soh that. 6= Gl 9624 16D with oleg (36
>ﬂ/e(o7.( 1) o K@) =0. Sice e /zave ) =0 anl A/mw/y »}‘ﬁ 0/6((7»7&: i 90 we obtain i)
0. J60- 60 §60. Sowe, 115 imeducible we dave B6) is anind wol see both F6) and
86 te amic, F60=1 . Thute F0 - 880,

The jeaawf’ Assenlion . |s Z/ Prao*’ in ]4}% stxkan gl ﬁoil‘/f’f)'cf//'/ (s ehor.

(o 10. 5 L 35 an extason # Jelds . dlis alfebrac swer bord frand Lsy thi 7y
Plivides Ml in LD .
/ij?) Since 4, fi (0.6 G = LG, ,l/ seiod anatin in PP 7, we obtain May (%) divides

77&0(,/9 (1)



ool Lot d e al@eénﬁc over the Telol ] and et @) bt Feld (?fhem,éee[ Z/_o( over
S Thn Jle) = PRI/ (mat>) 50 that e patinder [0 1= deg mato0 = dlog o, v
e the degre f o owr 1 s the slegree F Hle ovtemion s geneutes over J1. .
Pmo}p ) The }ﬁ% assenton 1s /)/ tha b wd the 5e/ow'0i, asseition ».5}), tont . thn €.
7%?/2 The elenat o is algebaic aver [ B the snple extersion i/ Fis e More /m‘s%
F o s an plement. of an extusion I /ﬁ/eérz&ﬂ over ' then A satisdes o ,oo//hamtaﬁ of degree ot -
wost 1 oer ' and § o setishes o /;a//mmzu( F oégm@ W aver ' then fle /eénee £ ) wer
Jis ok a3t 7L -
Fed) € Suppase tht o s st of F0EFED with dlg (Fe2) =72 By popl) wdl
o secamd esation i pop 7, [P~ f] = ﬂ/e@ (ha ) < Aé(fm) = .
€ fet dek wth ek anl [kiFI=n. Thngine 1-do- . d” ae /7 .
ﬂé/m/mé wer ., wt fme bosbn &f sohtht bot - 1hd" "0 wad wot every bi sk
tezen.  Ths sh thet bn 2+ 7 b is nonzere Po&mm(’ with reot o and the aéaue s
his ,poéz))w}'z;z; s akamost n .
(o 13 I the eviewion KIF is fnite, thon ik is algebmic .
fod): Lot dek - Sime FUD s o ndspue o K oior i So din FU8) € din
e LA F1< LD By avunpiion Lk FTis Fure, e 5015 L0 1] el by

FN;D (2 o/ is za/aeémuc



See [3.2.

. 72/»14‘ Z@t/’ 1<CZ,L7405»G ngn, 121 fj [b k:) [(< /q]/ lee, @('fem/an

B D/egmw e mdﬁp/iméivo where if one side of the é%uation is /‘nfi/}'ndz‘e,, the other side is also ifinite .
R ﬁﬁD}{)) JFirst, Seppse thet [Lik] = m ﬂné[ [:F1="n pue finite .

Lot oo dun ) be o bars e Lioer & and 1. Bnt de o bass Fo K over .
We agsest f”&"(ga S 1£1€ M 12<n | e a basis of i over Jio [ dméh‘mr/ L el there exists

Qi €K with L= 2 Cidi anl J{rew/ Q€K thee exists biv- s hin €/ sueh

€ig9In

)

f%ﬂf QA vl‘,L‘W L{; ﬁ& éu) we %AV{ (A 2_\ l‘& a? Fa 5., fﬂfﬂ"(;g?f]»w e

1Zizm 1% Lh

e Cyefua Dy ,j:,‘,{‘d difi=o. Lot ol I‘thfna By th we fow 2, di di =0 s
=g }fwgwy | ,Am}ﬁ,, (5= o ]ﬁ,m,c,y 3 pm/o') /e fdi'(';( 2 basis i
wor i, [0 T mre ~ o] - [k
/qu/v we amsicleps fe ifhize. cases |
- W[ kipd s idnite.. Thon since we Fmve dim K< domls, [L0 F1 is alse wiite.
1 LD b, Thee i ey gy donets i L heh e el mdeperal
over K . This collection 15 abs Z‘hcué/ "balcloem(aw(, over 1. Tho Lo F] s nfhite .
'1]{) [ F o it Thnk the contragus ition e ot case.
Corl5. 5779}305’& Li /s e ecdension. and let K km/ sbbeld £ coarig [,
~ feked T Dx P diides TLiF].

) boot). Derved Jow thy 14



me lf. Fla,p) = F@), ie., th Al gmm&o(m} J* by & m(f o the Al @mﬁf@[ R
by 7 s i Feldl Fie) guesied by d.
Fok) ©) Swe fie fild) & FW() , de (@) adl pe (p) . Thon bymiaely o
FILP) we hwe /i) € () | | =
©) Jiee F e Fp) mol de fid,p), )7 mm(rr/ we Iave ) € Fblp), ad since.
EFlAP) . we tave O < ]lap).
Thal . The ecomin KT s rite. WK is gerented by a toite nonber o olgebrasc. elommts
oer f. Moe pcinly, o Heb @mm( over /w & it nascber M@abmmm S dlegree
M s algghaie d dege % P71 )
Bot)  Jist, we shoew e st asection . Lot & F1 =9 ad fet [ ol ob ) bea basis f K
over fl. Swe [J1€ Jildi) €k fg’;fu»o(a L diefi], 4/ G 15, L[PG F 1 divicles [k F1.
Ten by o 5, vy s 0 afpbaic our P Sice K s goented by o oo ome ' we e the
et &:vemi}/ deviveol from. e secomdl asseptian..
Now, we- vwiﬁz He cevowd asention. let dhive. odn fe algehiaie oser I of degree T, mt
Mfecme//. T by thn 14, [k BT = [ Ferds LPer Bl = DR fie D~ DA R 2[RRI LR ]
ST g, AML, (o5, K s olachaic.

Corl 8 ybffasv/ o(ﬂw((f e a//éezmic over f. Then o(:tf, df, o(/(? ( A (o ), we oll w/aebmka

fw?ﬂ) fflw,, o e, fﬂre, ﬂ/éaérw over J1. //} the 17, He exension ' (42) / PR Jirte, 2/ oor 13,



)/;’c (3.2,

[lap) s alhaic . Se all of dp o, & ae in fOE), ey are oleshmic
Crl9. Lt LIF be on mx}t;m/ ectension. - Then, the eelbeton. of elements of Ly 4ot are algehaic
over 1 B o sibeld K L.
k) By e |8, the 2t of alphmic is clsed. odler: e gpestars o the Hebl.
w20, 1 Ko aghiic owr [and Jiis algghueover < then L algebric.over [
bot) Lot dels. Sime ) is a,{léal:)aic oer I, +/.¢,@§ o (”/Y”""”‘J 20 e € KD with

1£(&h

Tl 8 =0 . For dhe dels FLA Go -, 20, ),/ thn 1), He esemion [ Lo g, n) [ 5 1o

Fuite, ol L/ pop 7. p/eé (m J,}"—ul&.,v-,a.,.)) % pleg ( 2 i ) =N The, by Jemma. (8,
[P o n) P17 LR (R e 00+ Flao— )] [ Fillo, an)* F]
= deg (mufianan ) Gie ) = (fume) .

Tor fy o 1] Flaieos a0 iy an olgebsic evesin oue [y in potvalar,  is algphmie

Popal. Lot ki wd Ka be two extensions of o frelol fi contained n K. Then [Ki Kot F1€
LR PILka P with egualny # an i bass Brore o the Felde remains Inarly independlect. prer
de othor Beld. 3 d . dn ool B, P 2 baes bk ad Ko over Veyfccn'\/&//,f/vm Hhe. eloments
di(?c; Br izl2,-m ol =13, m pan o e v I,

Bod) Lot { dum, dodwd 1 fud e s F o il Ko popetiely . P b 14
e e Kika = FUdudu,fo = fm). Then the eloment of KiKa has the

7 (2_\ i d; )f‘; with Gij€ J1. Thes, fo[.;(fé? Spans K K2 oyer [ wol Yone Hdt(};ﬂ snon
JENE g V1€

,a-



([ - Then [k,kz f_':] =LK s LRy T

lymhb v (n,9n) =
(L) e(n) and (4).€ (o) Tulel.

Frﬁo?é) %ho@ [Kl‘ kat f’] =L s divishle 7 /umé m,

ﬂ‘“?/ we %av& (.,() c(n)n (ot . ;ihw (n) +lmy = (n.9) = g, éoonmdonb(, L/v 6‘[}’){5(/

= (n)a(m) Mp( we%ﬂv@ (n) ()~ (n-om) .

mvnain/ar’ Mew er, Ve %aw (M) (m)

‘Aava L ghm, so L=hm.

ﬂmﬁm/ (L) c(mm), "M dividles L. /)m[ ;)’ /»o{p2l we



See 135

fp3s A il F6 o el o B R s alo ot BSD, e, ) il
9. 110 e b bl by ke mivmd. il - o Topke, $1) i sqanble # . i
pmeir e deivnsve (@, Pufw ) = | |
Fot) Fise et e oot aseon.
®) Lot o b o mibiple rot of S5, Thn, £69= o) 46D forsome b€ filxd, m €
Mot The, ve tae B f60) = 7 (=)™ G630+ G )" De§le), pime BF@)=0, o
is 2 a0t of &f@.
&) 57 asuaption, thae existe A€ D uch thet, £6) = (&) /zfx? wed. e e Fve. Dufll)
0. & BFED = RO d) Gyl e bt o is o & A6, thae eirs 0 F sch
A = G K Toy J6d7 b0 LD, This shas tht A o mabi oot & F>.
T v th paicdar it s g st okt 1) S mbghonet B (S0, 3A0) P
T dived by he At asodon. o
(o34 Fvesy e p}m@( over . Aol o dhutcterstic O i sqaable . 4 o il ver
s o felol i sepurnble A oikis ke prdict. F olstinet. medicible pp}mm{s. |
Fod). Flist. we. show o st asestion. Lot T he o Jolol it o (F)= 0 and e fWEFET
be. naddcchle /v//rm:ia;( ith degyoe 7 anol 5ume tat. n22.
Now, snce- &f&){(ﬁn-n) 2 s @ (et ) s Ll Wk (F)= oi, "

. %/zve Aée(pz}p&)) = -,



Sive, f(*) s inedueible., féﬂ cannok Fave Db “ o ]‘ﬁn‘or. Thas, (feo, D0 f6) )=1. 6}/
/»7; 33, ]p/") is j’efam”a.

Noo we shows the. seendd asention.
B) Swe fb) dos the dom 4 (18-~ (1=tn), cach (23 ) is medecible end
distinct..

@ ot flo= pw- Bl b o prduct F distnot imedhcible pelpomls. é}/ Frse assextion
siee vy 300 s bl and nedcbl, ooy (1:0) = | ot Aol The, ) e spmeble. -
Fos. Lot [ be adobl of chusctiste p. Tho o any 0,b¢ fi, (00)= 21417, o]
@bV P B R cther-way, o pb- pocr ap dioed by 08D = GF s aniective feld

Jomermphisn. fom J 5 /.
But) (2 5)C= a?- bF i, mr/ﬁsr;u
5/ o oomis thowem,, we I (245 /ﬂ’%ﬁ’*‘éﬁ( £)a? b7 Gne (%)~
(f—,z%l—z, ol bk of (P-2) ] wd 3! toes ol Fe P o5 4 Sector, e e p | (5] Frery i
Ths asent (5) @747 =0 Soreveyy 3 siech () Thodtne, lasb V' = 27 4 ¥

for ‘3! S;/J/m 7‘446 /L’ is 4 %ﬂi‘/t fe/@( o}p c/mcfen‘sm f Then evw/ eéw)mﬁ o}P /7 I8 4 {70—7‘1 pouer ,7{

/fmfy /4/n i'y'ecﬁvc. e/:a/cm/p}im o finte. get is fugeciivz‘ §a, e Flia #Mfr’, He fh}mua endy -

_’I)lpr/;z,'sm i3 fug‘egﬁm .
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/?79/ Aeli)na fp woder composition wol  Ht (K[ f ). s bgeup.
Boi?) C/;ﬁr?'/ dut (KD s a gorup- Let 66 Alk/f1) ano 7€ then (0257 ) ()
(M) =T T, Tk (KIF) Ak (5P s o nbgyes
197)2 Lt KIF b o old extsion and ot Ak Je @%Jm&z over .. Then %,wn/ 2
bt (KIF), 6 1s a mot o the mmm««épbivmwia,( o over [live. At L pesmmutes
the. roote of ineclues fe polynomiols. Lguculantly, any polyomisl with cocthcients in ' Jwing. o as
a w0t ol Tas TA as a ot
Pt ) Fist, e sho the ot avation. e 2305 b thomimal ool e ol e
J. Thmn é)“ff?’”& 6, we obtain Eﬂo‘(m) (660) "= 0 anf tire Olas)= di P
wery 3. Tho. O14) a st of theminimal }»//mmwi :
e, P )€ FTT wiph T14) oo eists DEEFGD noh st F6) = 9B Mala)
then, the- seaorel asverion. is &/car}.
Fop Lot H % At (K) be-sibgyop o the gionp o asbomrphiom K- Thon the lhetion
o chworss £ K bl by oll the sleverts & H o o sbielo o K.
%l). Lot @ bef . we she a-b, 4 b EF. Fir orbivary GoeH, hla-b)>
Ala)- A8) » a-b anol H(ab) = Ala) ALY < 4 b7 The, Fis and-
hebl £ &
Feph The-somesstin. o thegngo o Feoe wel ebo F symps deteo above is melusion



Eyessing hame%
O F Fio € o € K we doo sibfelels f K thn Ak (RIFn) 2 At (K/ 7)), and
&) F Hi < Hh £ Jut (KD wobon scbgyou & avtonusphims ik asociased Fred Hele
i anel S, msﬂ:divay, Hen a2 € J11 .
/%»70 O Jot € ot (KIfy ), sinee o firs eveery element in L, g0 15 in Jiy .
This, A (K| fz) € A (K] 1)
0) Lot A€o, Thon tom all € H , mowower radl AeH1, Ala)= 4. Home,
fa € fu. |
Pops Lot E bt spltog feld oer fif e plmnil. [P Then | Au(E1F) |
¢ [E: 7T wth eqpality 7 J6) 5 spuchle over /.
ek ). Mot that, e el commphiom. € 1= ' ol olysnis € 2. and 0
EFTD, e 710 s nssociadeo] witl f(x) wld € anol feb E gnol L' be sliing fields fr £6)
over ' anl 16 oo P, ,eypgcﬁve// Then thee 1310 assort tfere exiots exlenteo ;,ama?},i:}yu
oL —E"
Now,  the %//v»zn@ wssendion s tre , the giten asweytion i char-

Te mumber & sich an extension is at mose LEFI, sk e?@/ﬂ/ 2 1 i sﬁfmﬁﬂc -

wer J-

V\/l"/ /7*5'\/&0( é/ lhﬂ(acﬁorz, 2% CE f‘] .



FIEFI= [, E°F wd E 5 F e @+ & thnabar ¢ etosors is |
Assiwe thot [E:f122.
B the poi oF the 1307 if all e degroc o imedcible freior @ $O is | then we
foe E=F . Lo PO b o ineditle feeior & 76 wik deg P00 2 2wl [t P70 de 2
nediible polynomninl avotinted. with & avd . plo).
Lot o hea retof p6) and Jes T 0 [p) i fot 7’(1)=%di~xi, ln 7 .

0s1sh

Sowe, we tave- D= Ed(g—;f’ 4 ) ‘aé%ca (@) (tate))? ;;Z,ncé(ai)- (’u(.,o)i
wld) is o wot o PO
oo, by o 158 e oo iomphinn. Ta" F ) S F(p) whoe 3= T ().
Thes the nunber & ectonions € Ao T4 s eqals sy the number § oty in Fe . e
Aot (P62 ) = deg (ma i ) [F@ 1. Te undor F extmsons 7 is at et [P fi], |
with egaluy . F P20 sepualle.
Ay we Tuce seen in the 329 E awd £ e pe ffi/}ﬁ»ﬁ felde F F6) wer F(4) wnd F F 8
ower [(8), m;?ecﬁyeli/, wl (£ Fy] < LE: Fl.
E/v the. indaction ,‘Wom,as, the rmber & exhrsians Ta Ao 6 s [ess than or equals o [£: fLo]
| with fﬁm(l?/ 2 J6) sepualle in [0,
Theetpe., the mamden i extersins € 4o 6 is Lo Hon o egaly o [£0 Fo] - [Fa) 3] =(&:F]

with ejzmi/;v 4}/ Joth, f /ét) ong f(z) e )’f,[m;d/;[p, . f{x) 5 y?.«yaj;/c w A .



ﬁ;"é I](j /< s 11& ;ri[#ih@ 7[:‘.’10(/0va #wi?ﬁ’uﬁﬂ&ko;mmm[ ]P(%) then k//:' Is Ga/ois.
Fm%)\ é ‘Mm 5, 7};.2/71’}2%? 6@[023.
/7;/1»7 2}{ ﬂ/l,“",?(v,, are A{biineé cﬁamters a){) G w):va/ae.s in Ll then ﬂayan’/ /ihcm«&

inWLé aover Zl .

/Lr)mié) V\/&flvveo( é/mﬁé;ctjgn n N. fﬂma =1 i c/earéz/ QASStesmg %ﬂé nz .

54/7155 fé/&( Z‘ZZ' Xi <0 f?r\ a3 611. fw,,o, 7:#707. I%ﬂe e¥sts 6056 m-/%aw/ /Xl(@,) B

[EXET

# XnlBa) . o
o), Tor Avpi) 0wt L /; 10rs
M éw7acemm fie- e iy e

(Z-‘&i‘%i(@) \}‘?(h(‘ao%o ) l%ﬂng ”{/1(@@0} = 0

I<ign

nireNer, we %ﬂve/ Z /Zi (7(1'[3«:)’ ?(,,(g,ﬁ} /Xz(é) e yé)r all 6’ .

1Z2izn-1

Hos, 20 a1 (Xil8)-%als) ] = O . -

|£¢=sn-1

é’/ wlction. hypehess, 46 (i (5) - Pl ) = 0 P all (€isn-l, pateuler v Tave
2y [ %(8,)- Xalpe) ) = 0 dho @10 and b/%m A/,;m’o«:s we Tave Aiz O Hrall 12i<n.
lrd Y 6, 6o ae dotnt ewbedilige of o Felo K to . el L, Hon thy e ljeary
m/sfw.;ént ss Jocton m K. I putecder dlstinct auterphiom o theextentions over- their Ted felds.
foeit). By tho] charly helde
B Lot G =102 1,62, 601 he o sebgoap of auctomorphisms & a Feld K andl ot
P he te ool fiebl . T [K:FI<n= 161
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Em}p) ﬁik%’ R e that n > [KiF]=m. Let {m)“_,w)’\\( be o basis a'# k//f‘ YZM,
Sinee /1>on,,iﬁ. He e?wg,»mg)
,;nﬁlw;} ez 0 o k) H al 1£3< 9

Hheve exists pontrivial soletion Fr=, fn i K.

B for A€, there exist i, Om€ J1 pch that o€='€Z‘:4"§¢i-Mz‘. Moo since. 63 74)(/:',
iz/v %wé‘iﬂ}/inﬁ (75717/ aj,
g;n@(“a%f;)'(fi = Q. o Uk 772,«@& iy m .
NMreover; ZJ Z, @(ﬁg'w‘gv) ﬂb‘: 0 ., 24 6:(4) f[ = 0. Ten 8 assert o
’5)407" 141¢n 1£1€0 67
- ﬁ[ =0, 2 fmﬂm{t‘a‘}on.
N@Xzﬁ, we 5’470/0m tat N<LK F]. [ A=, odwtr be an Nt /;-/infw{’/ [np/&fem{enf,
elements oj() K. TAE’FL ance N< ntl, 74r the. ejaaﬁans‘,
)ZJI@WU‘%:“O - (#5) ;@,« lzjsn
Z1ent
fﬁlffa exists MOﬂTn'via/( So/uﬁ}ans FI,“’, ﬂlﬂ in )’(
pr, m{p)oaw 6v¢7 (71“ éﬁ. T/fn since. O = w(, /))/ ) we “/aveléz;i—;g(i’ﬁi =q r}m
[’Oﬂfmdflds fo&,u», o/m? is //mré/ iyﬂ[o/aena/cmf,\ Thies f{ ¢ ﬁ ]ér same. 1 .
Nw, ve hﬁ{)/ﬂéfn@ (9-.“‘, fnn ane( nwm/mn@ =) diti such f/ia,{; rois the smellest
mmhk such f/nt ﬁi =0 # > dn&(ﬁ 4‘/—' m( ASrume. 7‘0/@{. fr =/,

Siwe, (18] thee exins Cpo€ G ch that Gk (f) 7 (1.



ﬂrer» aﬂ)/}/m@ (%) é}/ 6)<o ) e %ﬁ\/g, Jg;r\ 6&,0,‘;0({) 6#0((3;‘) =0 fr )496},2 '
Sinee , for cvery J there. exsts %foj such thit GGy = i - Thus we Lo 1o %//w»-és,
Z—l dkp(ﬂi>6ka(o{£)‘—’0 PN (*,ro)) 74)'_ ’ﬂ;én,

|¢isr

Sc)vb%mrﬁn@ (**g) 57 h”qé) we have 'Z—;r@g (4:) ( Otol fi) - c7£): 0 ]ﬁ“ £g

Zn | %nce /r = [, 6kp(ﬂl)'('3r ot ﬁeo((’r—,)'fr—(. 0, -, 0 i the mtiiviel salation jgr

(¥) mw( f/is cvnfmdim 7);& /pi:kiné Of Jﬂlﬂzdﬁ% . \

7/;%}5%, We %nve ns m ar]ﬂ(W)S}'L- Hepee 7= L .

(;r/O- Let K/f' be an I%He extervion. Then //4u6(’</ﬁ){ 5D<"ﬁ] with Eupltt fano( onll ’7/
7 7 /

ﬁrs 7%& #Xﬁo( 766/(3(#[) AM(K//Q) Fw& Mf%gr W/?/, k//[‘ i 62[05 '?Aﬁm{,a///ty‘[/;is 7‘/;0 7%@0( ﬁot/J a%
Ae (K[p).

Feb] Lo Py e e ed Feld o A (elp), S e Aove F e i €K By th D, e uve -
[K D= ad (6/f) | Hone, | Aelitp) | ¢ [k 82 [p2f] =[x P ity equaliy ¥
LAiFl=1 ge Jiis e Bed teld f At (KIF).
loll Lot G be o Aiite: abgpesp o adomplions f o felel K onol [ Fibe e ol Rl
T oy automepiion. 4 K #m@ F s emttined n G yie, AelKIP)= G, 5o that KIF ss Calos,
ath Gals g 6.
fod) By e detniin. & F o o G < Aut (KIp). Then by th G wol ol ve.obtar.

(kpl= G| datrip)| LK FD. T, 1G]t (M|, G = Aut(KIF) ad sine
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e tme DT A lkim) | KR s Galors.

Gorl2 T G 76a we ditinst ﬁ:ifofuéémfg d wdonophim o o Jelo K then vhir Fred Beldls
e also dstnek.
Buf) Lot Fi ol P ke o e el asotiated with 61 o Gu.apeely. iy ol
~ wedae, G A (K/p) = ul</R) -8 F Fit fa
ki The ertoa KIJ is s # < s sl el o e sepuable. plpniel v [ Fothernoe,
7t s e e o cury i plnsl th eints o Pl Tos & et ke . sl o o
ol ids roots m K.
~ o) © We z&/rmc}v ton e pp3 -
P e g f e poct e mﬁf/ te " ferthermoe "t
Let ’</f' be the Calois ettersion woiated vith meducible @m’a/ peere wih ot deK.
Lot Gr= Gl (5 ) Aa (<P wsl - =T, 6o O | cosider i fisy 0y Gald), -+, Ola) o Lk
s dr e te dotinck clments in ths lst.
Now, 5/ nf,}w;a the odered [t Av-s & 7€ 8 i ;inf//« prvuctes the woreripts ok the list ithout
o, Su, */&ﬁ}/m'/b( FR= - di) (2 o) s vhe ﬁ}/}nmm( ok every wetheont, s fired 5 y tlement:
v 6 Mowrs ey acfbivu f 1&) sin fued el # @ ol Crld assers siree i i Galois, vis Fhed
Ll is P, Aewee J60 s the Wmﬂ" i Foa . Awl sime T8 ths o rosts o wd 61 1l minel o

‘ Y ”f Ee W/w{ﬁf/l;ém wril, we %ﬁvc f(") / f(’-)- 7//%&?7 2, et dina M?‘O]é/’(i) so /(’) /f&) “



Ko 7%:»&7{'&, //"7 is é’j,m[r Sy ,7(1), 4 2 Ww[lif)/iné_ o wit . NMow e conpete the fmf’ 0}‘1 07£’7/'r7mn@"

/me.
/V%é, we [Mof&(& 7S /m/ .,J [ =).

Zéé [(//"7 /e é)ﬁ,éis Mi/ f‘ff//“/ "Jh} }e a4 &4;}, 0}0 K pvar'f‘ 4;./ f»ils—) = W’U{ﬁ(‘) 7¢V'e4c% 7.
é« the abave ﬂﬁuwzmi, ,m% }/;‘ 6 s fzfmé/e,ms/ Jus oll ity som 1 K . /t( &M b the ;7.% ]){p&

fmé o]P fhe /w/,.as ?, (x)~ Pl . Then the ;/i//ri»& 743:/0/ o_/ f/,, /uuém f/lz)" 7:..1») ,w( 6&) are

e same anol equals K.
Toche, Ki e piling dell of spebe plpiwis [ 36) aver
T4 fadenotal e o Golos Thery:
Lt KF e o Galos ectomin and G~ Gl (IF). Thn thoe s & betion

J oK / )
u o
L E b fk s \ Ho sy ? G|
;‘ / Zorrfﬂ&ni:é Ao / |
P / | & /

éiven é/y 7‘/& foire?pohaémcs £ e ff/& ﬁ/Mm{y of 6 #vihé £ 2; "[I = { 7% J#yeo{ Mo{ a/ H 2

wZicA are Ierse Ao eac% a;’z{ar. Un&/e}" rn/l: Zam/mméhra n

() (”'C/Minm revering ) IJ{ £, s l‘mesPaM(ﬁ Hi H., ’!)/paj}ve//, Hen Eo ¢ Fy f)él Ha £ H,
@ Lk €] = [Hl wol [6:F1=16H], th e f Hin G K
:

r

—_—



(3) 405 is aluaye Galo, it Gl grsp Gul (/) = H =
[
IH
E
@ £ is Gabis ower 1 # Hos o momal sbgroap in 6 . Y ihis is the ease, thon s Gas gt
i lomopphic 4o the- guaticel g Gal (E7F) = €/H . Mpe ﬁcnemf(/, eenid H is mit ﬁeceym// yormal
n G, th somorghims o £ ine o fral lfpbic chies] F cotivg K hih fix frae i oo o eomespadine
with He cozts TOH | of Hin G
93 £ Ex omagpned HoHa, el ot itorecton. £10 Ex_ cmegnds to the gy <HuHo)
ot Jy Hh o Ho wal to comporve: Relo 1 Ex covesprds o . irosetion. HhaHe . Houe e lntie
of sbfede of K consinsgy onl ot o shiyops o G o “dial” (th fotice dngam rme s th
e dinggen. o the ather turre| spride doen.
i)t o begg @ e poot, wevy . bijeson comesanding. for € G Lot i b the
ool Felol o H. e £ {H> 1emea] = {E; feekl sH Ky . //;v o 12 1 getive.
Let. 2 b o spuue el bk e e 3l bl & o i Thon e con corsder K ax v g Feld
o 60 e fi ]freve;/ E i VIE s G, Tho by rlo, €k hued Feld ol At (KE) whieh s the
KJ#paf 4 Q. Hewe, }is swriectie -
o jop

D for o gien H, bt £ Kn . Then M,ﬂ f, [ €= [H] swee KIf s Galas, [<:F =16



) . L f1 el
;w( & Zéhi‘fc'wr he /Mva Le p1= T =jEj - TGT .

5) Biectly clsved o Gl
) b the beginig o the podd we nale some pepuatins. Lot LKy be the dued felolof H 1< @),

Jiret, we assert every enizo(dli»@.'b FE ;fixin@ Fo das the Jorwe Cle Frsome 0€G.

Zﬂﬁ‘ C £ i e any €4wéev(o{in§] o E vty a P a/éez;méc doswe F 4 F comtaivig, < ohiet,
fis o Sie, £ is shy alsghaic aver 1, every de £ s the miimal. plyponc Peagle) arel by pp >
T(d) is 2 rost o omapbr. S /)/v thnl3, K carams all the 100ts of Mu, (1), 56 T ek , T K.

Let f& o o fepaméfe .)po}noouia( w)ﬁAA eluce. the ;yih'ﬁn@ Feld K over /! wd (o) is also 4
ng@mjjlg foé»m'i( which ivolsce. f}é spilitng feld ik 4 cury L€ C. Thes 47 the 1227 thee edsts isomophon .

O with Olc= T z¢

Seend, we asent E/F is Calois # ()= € frall 6c 6.
ﬂr 6,6C8, st et ole = 0"l¢ "6‘ Ho =Ho’ whoe Heanl He are #ﬂee(
feld coresnd 4o 6 and 6, repeonely. Tew hr L (E/7) - fo cofs herl (= alel) )
the wanler & et enbeddgs f £ equals e monkard coxes OH oA H in @, 10 we oM
| Eb/p) | = |G H[ = [e:R]

,7/;1.,, E/f' s Galois 7/7[ | Aut é'://':'>{ : }ffmz’» (“/f')l" # At (E/F) 2 Emb(é/}j);



56‘4 f‘f?\

Mocguer, wie apet, At (ElF) 2 Ed(Elp) B o) € b all @
D) L 6¢G. A6 £ Sine 0lp € Emb(E/F) S At E/F) e Hme Sleta) €E.
€ Jot cCinh(E/F). Sine S(E)=E e fae 66 Aal(ElF) .
Now we prove (4)
@) Suppase Elf s Galors, e, Voc & ole)=E . Lt heH ad §¢ G the cleerly sy
e dit (K/F ) ol oo AEE thor cims P E sk that $(p)= o Thonyinee hy v £, 944 () = dek
Hhry B8R eH, e, H2e .
€) L= Ky, 6CGad 2eE af é’ s o for all he b, thee ecines REH sk that
L0 A . Thy we fave h6@= 6 4'(d) > 6() |, ole) e E. Tha, E/fi iy Calois,
Next, we show C/H = Gal (E[F). Octe a map € 8 = GullElF) s 6 olg
The wel(- detnedness s beoause Tle & hut (EIF) and we hope b @ =365 €0 = sle - id ¥ = Auc (e)
H. Thy, we ghtan O/H =~ Gal(ElF).
.4)10(, L/?ﬁi?}ll[‘ f‘c R)X»’Ve P07€s€3, we. %aue Me ”’mme 8€ﬂeya1/y : Pm B
G) £ E,+— H.aH, |
Lt sthee 4o thow tnat. Hi A Ha = At (K/e,€5)
©) fet oMM, Sfine 6 Py £1 0l Ex s doos L.
B Lot o€ et (Keg). Sice we hwe EtiEa€EEa, 6€du (e), Hut(KE).

En /)E.Z <————7<L41,H2\)



U slhee #o Shoo that L50Es~ K<uimay,
€) et pe EiNEs . Faor 6c<HLHY T € HiUHa with Eiedzi] 62 AT Aur
Arl avery i fr A s ches 6.
@) Lot d€ Koy ey . Jinee. Hy, Ha € <HLHY 50 d€E0, By 50 ue have deEinla.
Bol5 by it Al s s 1o i s o s e g 721 T el Fir s ke
Spi{i’rir? Felol sier /“f i Hhe pelrenial. P, with tyelie Golos arup ff onber 7 aenaml Iyyr/a Jrobenius
wonhin, 6p. The sbields of fipr areall Golos oer Fly ol o in e 1o e comspmoloree. with the divisas
Lot . Ty et Aeds Fot, o Hred fele of &5 .
Fud) T o avcin did by o 5.3, Mo e vy e s s Fie s f th
duasion is 7, LI Pyd =, thn Fis o spilig fuldl & 272 oer fy.
Mot that e nundor of donads in P > anl by o 1397 A2 dus procly p*
yots.  for oy s Al by pp s e | A= dp, )T A gl () drp
Howe the spiig el of 2™ % or Fis o subielo o fy Towcrver, sine the cwdnaling of F and the u
sune, P i the spling fell.firtermme, by hel3. (For 1Py ) s o Galoss, se duse Gal ([ /R)
S <6 X /o X uhoe 6 Fym~Fipm 5 0l -
Moo, we. vm/§ te (296 assertion . R/ the Fonslemental Theorem. o Calois 7/@7, erery sl #
ﬁf" tonesponcls, Lgccmév, b oo wgg d < 6pY (- 2/42 ) anl atery subgony of < Tp ¥ Tus the

]{m;z < 671'{) ere. 4[/71 o et /;f“< §;{> be the ﬂ«éf?e/ﬁ/ Wich é’ww;foné( Ao < 0”7':[>'
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E/ (2) in furdemntad Thewnm of  Goloo %7 we Buw [ Fipr < 55 Fal= | [<ap>:< 6005 |
= ) = e e |Fpl < p. e obtain //L} <of> (= pdl. The, by wiguencs of Fore Frelol,
we Jave fion < OS5 % frud . Thoche, cuery sibelsl o For s the fom Py uhich is iomaphc
o el el < 685 Ay sone oln.
M ast, sime < Gp> v an Abelin, etegy < TF 2 is normal in X 0> thn by (4) i
Fdonscsal theos, every ﬁf/ s Galos oer Mp.
lorl4. The inedueible plyimia "+ 1 € 251 is redueible vededo - every pine .
Fod ) Wt st by oo 2,11, %41 is imedleible B2, Vo pme tht 741 s reducible
in Py 2] Fa ety pine .
4 pra. e (4% = (2400 241, 2%+ [ is redeble in /5 21,
i pi2. fime f erey o punar B, p21.3.5 07 (wod 8 tmocover, p* =1 (el ),
we e P~ P4 P sme 4. Swe, YRR L RS AR P, A=l [ = n
S (. This Shows thet avery. ot P a1l ie 2 mer i -2 sl the rfi//mﬁ, felof # V=% over
Fy 18 gt s0 cveyy rots of 1 | cotaie b Py
Noo, arune ke 341 12 imadducible in [ 62 anl e e Fit de amy mor of 041 Then
Kt = M, e, LU0 F5] < dogy (mapgy ) “deg (2541) = 4. Ouvl othor Sund we
fwe [ By 7T > 2

This contradicts , [ﬁf ] s [.’*‘fz e ()] -[@,w Fod. Ths, 21 o redeeible n A5,



/;,/, 1. T o el For s sngle. Lo fu;u/ag thoe eits an imeducible, polymial of dlegne.

0 werly S ey 2L /
Pet] Fist, e sho the e aoserton. [ 77/ P assect thil, He Fhite. mebiplieative gowp /i 7ox

is a 7:&& rup. i-e.s /;/n T 40 trom O€ /37; wid He thol5. assert /}a is dwfi/ima feld &

L owr Ly o, we ol the equiton Sy = [y (9] Holds. |
2" thar, We ech e cawwe}. lee 3¢ [on i asume tht d10. fine, d e

Pl €85 frome hooshs g2, 47 6% Tha, de (240 1=/ 6), forthormoe,

ffn = /}',/ 6). , -

Nowt, we m}/‘i the “in patiadar " Jince, For ey 121, pop 311 avent ol (e, i ©)

: [/E'f(ﬁ) k /E'?] - [/1};" :/:70] SR, thes w{m‘:é 7n¢9,/37 (z) s ;/ésim/ ineducible Foé,nm,,a(,



el 4

Bolf Sy K/F s 0 Golis ctusion and PP 5 sy i, Thea EF i o Gl
evtrson, vith Gobis grpp Gal (KF" /17 ) = Gul (K /KOF" ) omorphic 1z 0. sbgrap o
Gal (K/F ).

bof) et K b the spligy el f el pipomial /0 €53 o f1. Sove & F and
KF' is te smallest. felol ontaining el K, we have. KE'= (40 dn) ddew di is 4 oot
2 16 0 KF'/F i Gulos.

Hext, we. verty th oo omarphin.. Dohe 4 mp ¢ Gal (kR 1R ) = Cal (KIF)
3 0 2 Olk. Ths ts clarh, vell- dired. ard siree €(072) = (627) [y = (60 4l®), Cis
@ g Aovemaphin. ool sce 66 At (KF) fi ' ad K 50 dbes KF' Jerce we obtain ker (=i,
o (s mpeetive .
Moo, we o Hi=in 0 = Gal (K /kFi? ). Let Kot ke the fred fobd # H. For cury €
— Ak (KB F), sime Slk €Ki, & Fres kit anl aloo fres F's0 dbes KiiF.
Thas, 4/ Prusdemental. Theowm. . Golois Teery . ve dave Kei ' K Fgu iy = P 5o,
ki €F smorover, Ku € K O F7
Hente, by (s Fundenctal. Theown. & Golos Theoy, H = Gal (K /xapr) .
Thaetwe, Cal (KE'/F ) %= Gal (< /kaF" ).
20, Digpae HF 1 s Galis ssan sl F/F 5 sy e s T

Vg . HCFLLRRAD
[KF" 2] [KAR": f]




Bod) By 1 e o L6850 L bof]. T,

B AT s sl pf 3 BT - [ 1 Tar p7 = kAT L0 FD rro s
[kp's il = [kp® pr ] [psF] = [wekapd [f:F] — [FF3

_ [k Fl ,
= [knﬁl"ﬁ] [fl ‘/-1_7 -

Popal. Lot Ki wd Ko b Golos ertasions f o Al Fi The
) The intersecton Ki O Ka is Galais aver 7.
®) The conposite. KiKs is Calais over /1. The Galois froup is Bewohic 1o the. sibgyoup
He{(ow s olum = ko |
£ He drect fméwé Gall (kilp) x Cal (Ko lF1) anssting o clewents uhse restrietians Ao
The. intersection Ki O Ka are e?ua,( .

Pf) 0 o el dekioks. e K0ks [ e, 50 s alsghaic. omsier 3= Map ). Soe
de k) wo K/F 35 Galois . Z/vrh/& po 1 ;sfwé/a oad s all roots in Ki, ;l‘m/m;v, P Has ol wots in Ka. —
Tho all the roots. in Kika . Th thus that. Ki 0 Ka is the spiliting feld peo owr .

@) Let Ki and Ka be the sl felds of sepmeble. ol ool S0 wd fabe) in 51, reﬁfedive}w 5}
thn B.21, the comprite. K1 Ko s the spilrg Felol F siutre park F A 0. The, K Ko s Golois.

Nexd, we shao the sy iomophim. Lot @ g (Kles [ )= fug (KP) 2 A (/R 5 6
(6lk,6les ), th is f/tar// injective fyeap %mmw?)ism'

Moo, veveily H= inif . G il <H al His e, ve shoo ot the coclsdy of H ood

& /% ,
m ?f are the same. .



Sec {44

. Nste. that, 7€r5w7 6 Gl (4/F), sine ;gﬁmma7 ceGl(6/F) wth 6 lkak, = o the
exjsts ungie. (06641({‘2/14()141\) nch phat T = Co ‘5//‘:0/(2, thee are /&CUQ s, [ elemots T €
Gl /il ) s that € liaies = T [ knka ,w(% Hhirel f:amm,of’um themem ard. w20, e oblain

[hl = 1GL(/7) [ ] Gt frnea) |

< | /“, -—i’.GQ/C(((z//f"}/' .
[ Gad (kl//u { | Gt (5‘(./)142//@(,
[ & 7D L
Lkal, ;f,J

[ k-kai 7]
(22 [t Ki wd ks be Golois extemins f o feld Jioatd Kaks <P Thn Gallkrla/F)
2 Gl (k[p) X Calla/p). &invm,?’,, i K i Calois ower Floand G = Cal (F/F) = GixGa s
e dlstinet prlct of o sbgimips Gi wol Ga, ten Kb the composte of 4o Galots extensions
Kiwd [a f fruth Kol = F
o /Dmf) The 74'% anerban clesived by P 2. W ver/'/ the second, assention . Lot K. s by the Pred
fielols aseisted with G, Ga, m?mm;u. Snee G = Gi X Go, we Fave <61, GG B 6 in
T Pindoworta, Thoem of Caleis Theoen,, e obtan Y-k comeponds sty G 8o = id. Thentire, Ko k= K4
) = K WZQ&;’?, G, linl, w,e,,,o,w[,,ﬁ, <81, Gav = G. Thoehe, kinka = Kg <K @af (ki) T |

G;r23, [&{, E//: Zr, am/ /ﬁu‘f& Je/wn& extension. ﬂen. Eis cmminec(/ in an edension K an'c/1 s @m/ais

over /t' an;&“ I3 wzmiomt/ in 7/& Same. 7%4{ n a #xeo( a/[(?eéma c/osw, of K an/ ohfer Gai/ai.s extengion 07? /q cortain-

Q E ootains K.



bo) Lot fofu"v dn | Je o basis of Ecver P, Jet Ei be the ;7i/ifit9 feld of ma;,p ().
Nete. that vy Mas.fo (2) 30 panble sove E/F is wpoable extension . Thes, the wo»?mifa Held
L By En (2E) s Calois over f sinee B En s the spilting Belol oF e y?wgﬁw Wofm,,, b~
M. Thas, & Gulois ernsons oF F comaing, £ s, Tha, the imersection. of 1ts Galos esterron is

Vs -
minimal. Glos . extersion cortaing L.

ﬁa/v 2 Lok kIR fo o foite extension. Then K =F(8) f thoe ednts f’% ]e"’”"ﬁ' %&7 sabdeldls 1K

fmfaini:6 ﬁ .

/?vo)é) =) Let /GL) =Mef . Eobea Méﬁ/o(# K eontaining, Foand et P mor ). Jime

FeEck o KIF is #nif&ﬂffnﬁm, Zy mihim[i-t/ 800 [ flo n £ ().

Lot £ Jltns, o ta) for 82000 2% €Ll Jonee, E'¢E, 30 i ineducible

0€ign

m £’ wnd §C0: Mg g () a:»p( Moeaver, Hrce Fe Eck, ua%aw, E(6) = K Mp/ E(6) < Kso, ve 'Aavc,' —

[KED =oley 56) = Lk €D Thus, we fave [E'VED =1 50 E=E'. This shus Hhat the sd-
i 4 K comunry F et feld groated by e coflt, & mene oo o 169 5o e roblds
we // #niie}v oy

€ Lot [k FL 7 wh bass T ] 3 Fo e, oo fim, m;%»ever/ K thie
cirs 0l L= 00) € [ ek ot o= Dt R, g0 the curlinaly FKw (") ko o,
10, Ky s e K = Ty ) rseme B € K.

Now, we apet K ° /—" (‘9/ ):/‘9) e K, c/éay// 50 ut vch}} ke flo).



Sec 144

Lot & thn thoe. et fi € Fyuth 20 i 6 P Dine (¢ we dtain (€/(0). Heme
K= Jls)
'%%6)3 we asime et Fis infure
Tha 1317 averd that K is 74»;15// éenemieo( wer P, 34 wifee d sma thit Jfr ery A ano(fék,
Fld )= F () o some 7.
Comidor the sdeld F(A+C0) e C€F . Bue thoe exvts e exsts ol many choce
Fr ¢ Ho by arrumplon For some ditnet ¢ and ¢ infi, Fldreg) = Jlare’B) holds.
Tle. g/ (e ') = (Reep)- (dac'p) € fildecp) ue due f = LoeIf (e )¢ frlarep)
wol o - drcpl-cpe flavep). Heme, [itap)=Fld+ep).

Thn 25 (The Fimitve. Elements Theorem. J

If k/ﬁ is }?m’n ane( JM/@ then k/p is Mnf/r,- In /zaﬁa»/ar, My %m'rc extentian c'}é %e/ﬂ(!s

o v]é Mlm-acfw‘sﬁr, 0 is )“1'0170/3‘

ffmf) Lt Ji b the Galas slower o K awer P Then since L/f is Galots evary sbreld 4 /.
i, P comspods bjectely do e sbgyorp. S ol (MIF.). Tho, vy rifld oF K conaing '
oveynds sjeciely 4o the sibgrorg o Cal (LIF). Mo, sime | L0 F [ 55 five, thoe eirs oy //me}
rony Subgronps F Gl (LIF) . Thu }/ o 22t KIF sionple
Moo, e shs the "in paticiar” pock. ety €55 ol the nininal - plppowia s 69, Lo

B3t aspad 7 p () s sepuiable. . Hence k/ f&fuaé/em(/ }/ (1) v complete. e fvmyé :



S



Jee 146

40773 30 The Jeed feld of the )ymzeén';@m?a Sn acting o the el 7 resonad. forctins in 7. variebles
F Go20) i the Feld # sational Fonctims in ﬂmﬂfmmfar/ symmetne. functions 7 (St~ 50 ) .

Fod) Lot K he th oo Jebl F S Tin sicey 516 S s ymmetric. K comans P50 .52)
pd e F O 1) = F (S, 50 G ) is Golois, by Jirdematal, Theoem F Galos Dheory,
[Flan-—a) k] =1Snl=nl . fime ne dae. (1) (o= Z0(-0" S5 2% wuh %/,

- A=<y
Flao ) i e plavy Sl of 2 €055 27w F (50050 T by pepliad
[l a0 FO 0] ¢nl . Hue,ue fe !l [Kifits—0] ¢l  ka Fls,5)
Thoche, K =F (5 5).
Gr31 Findematal. Theorem. on $m4na$'c Junctions.
J&/ s/rmetn‘c /owﬁon in He venables 2, - an is a rationa Juretion m fhe Mm/v 7madqc
/mcb’om S 5.
ﬁwjr/\ e ev? symactric Jonetion, 15 n the Feed ]&Za( £ S 5o )7 79»?3 0 it contained. in
s s,
Thn32 The genan i,aﬁvmﬂﬁ 5 7 % N+ 1 S e the Belol F (S0 %) s
%/»m’:/e with  Calois g Sn.

/?,.,7@ Jet 2, L Ln be the nots 071 8 1) 8 1;() Horg, etists a,fpé/ngmjaj: 7(:6«.--~,tn) S

)

/}7 J:)(l/ Yy J{nJ )M/L fl{df 77(711, —— in) =0, ue ﬂ/ﬂ#ﬂﬁ féil{l,‘ 'lh) ""O_E 7 [Jéﬁ{a)," B /{6‘01)) 7‘/{4 73 1S han~

260 0/;0(/ f (2070, Jnee f it Symuete o3| pssent Here exists a Paﬂvymia( %(“‘f’"“") £



Flun=, un) sch that f(,f,,-q in) = %(m, »--,Vu.,)‘ where L, an are e/mmm%v xym/'/eth&fwﬂans
«'ndueed)}, A and rote that, Wi (A 2n) = S o every i T :L«.Lali/fam aﬁ e?zm;tion
?(u, (.-, in), s, sl ) ) f(iu; jt«) = 0. This ased thee ensts a rebton wer /1
wmmg S5, a4 omtradiction.
Thieine. , the is no relation aver 7 ammg i, -, oo, woreoyer i 1% i i4). Hence the gen .
Wﬁam’d ;9 /e/amé/f; exal. PP 30wd the Rndewental Theaem: a}p Gubis ﬂear/ assed, the @:ai{ob Grep i



Sec 14.0)

Fw36. Lot Fhe o feld of chunctesstic ot oliiding 7 which conais the 114 rots ity Then. the

extersin /' ('JE) S € i oclie over fof dezyree n/i\(iﬁ/mé 7.

Foik) Pty we- shon thte FUJED) [ Fis Galois, Sire o chanctersie of F mo dhick 72, e foe

(2%, O (@-a1) = (24, n2"7) < |. Thn b pp .33, 20 is spable # G,

Now, e verly Koo USRI equals the piliig Aol Sof 22 ot i, e k&S &
clecly , i sllee do shoo ot the revens imlaion. Reall thik by prp 218, C=Jdef s d"=1 ]

s gelie grup, 5o ve may wite C7 < Gn). o, CF ek and VB EK o Sute S
[Bnaiteien) ek ad sme (TLUR)"=0 the means thi K comains oll the root of
-4 s, S K. Thuete, Kis the Galois extengion of. %" & ower fi.

Next, ve m};v Gol (KIF) s c/vcﬁ'c. for 6cGlk/IF) , 602 ) s a ot of 1™ & €Uz
thes, o 3, we e S (V8D = G0 R L Ltk coe v commet o mip 1 Gal (K/F) = €
which assign the 6 the satable 55 e ery € Gl (KIE) s C, Pis gop homsphisn
oo, Ler = { o€ Cal (KIR) > i a =7z ) [6e@al(¥F) 5 6(2z)=7at= Jid}.

This, we fve Gal (KIF) = mf < ¢ Thrhe, sine Cis eyelic, 50 dbes Gal (</F)
wil mowyer, Lagrnge Teoem osmert | Cal (KIF)[ | 7.

/27/, 37 by cyc/ic extension of a/e@me n over o fell fof chaneterstie nat o(/'vh{i;ﬁ 7 WHich

Comtains the. nth wots o ity is L the om FOJE) drsome acf.

/ew)p) Let K be o such extewion anol lee Gal (KIF) =< 6> ana(/n=<4>:f‘wﬁ5&""%



o ol e 46K s GF wth 57 [ e, §7 5T ad 671 Aol e
hae,
6 ( (d,\%.) ) = 60+ Z G ()4 4 7" 67(a)
=07 (a1 15" 6" (04 50 W) )
- (e 5)
Ths, & ( (26)") = (6(0»‘4))" = (4.%)" 50 (d.%)" € Kanup) = /1.
Now, Gor 8 asserd [rol, 6, 6™ | a lncarly inlpendat owr P oo o some
Aek, we fue 6°(4%) < B0 8), 6 fosmt fe (%) Frsone i r oed &
ath (4, %) 10.
Hence, by Furdementel Theorem of Calois ﬂear/, tere are no shfielsl oF K comtainig.
frowd (3:%). |
Thewtpe, e (b G)Efi(d, %) , K= fild ). Hene »’7;515% a-
(4.5)" ¢fi we Fue W= (7).
Lewn3® 3 is conained n o voot extension Kas in (21) aboie, the o is canpined ina st extensin
whih 15 Calois over Ji s here esc, extomion i /i is epelic.
boof). dince te donctersic £ Fis 0 wel KF i fite, Gor(3.19 amot K is sepalie extrson .
777@4& Zc’»zS, let s le the Gulois clower 8 K over Ji.

S any 66 Cal (K/F) we fave

7



ey

See [4.7)

Fi=6(k) € o(k) e < olke): o(k)
Mﬁ( ave7 6 (Kin) /f(ki) is a.fmf/f/ W/m( extension, j.e., 6(l4n) = 5(l‘i)(5("‘if2-)) .

Now, ue show that the m‘/"ﬁfcepwo root extersns i alvo o root extension . Lot ﬁ =Ko K, c>"' < Kg 4"6{
JizSacSic ¢ Se be rot extensing with Yin = (@) wol Ssri= S5085) . Thn we e a Sequence

J =Ko () ¢ k() (h) € Ko(a)bo)(@s) € - € Ko(0)(ho) (@)~ Cbs-,) .

Note thit the eauation K- S = Ko(0) (b))~ (hs-) derived Jom the equation Ki $1 = Ka(00) (ho).

Thercire ;ﬁr {61, 60 17 Gal (K/F), we dne the rot edtovon 6(K)- 6alk)-+ -+ 6alk) .

Net, we vm}; L= 6.(6)-- 6ulk) . hine " =" is eloar, ad Liis the minimal Golois extersion containing
K, it sdbee 4o shoo that 6101 6u(K) is Coabis, moeour, a5 ne seen in rh/mf o @, g is
trough o vhoo e v (610)- 6ulo /f) © A (6~ BulO/f ).

Lot Te b (61(R)- 6 /F) | Thn frcach i, T Sl € Enb (L) = At (6/F) Folds onl
T is iectve. We Ame 1 TG0, ool t= {00 6n T sl sine oy mm,{waCDu
f/mm Cltension. , we Fave. t(on (&)~ 6_n(k)> = (Te60)(l) - (Tetn) (k).

H"w/, e %A,,P z( 6;(l<)~-6n11<)) = 6 llk) - 6alk), 35 TE /hd,( 61 (k) Galk) /F) .

%é‘z}ﬁ&, dek € L= 6 6a(k), 5o o contained in o voot extention Which is Galois over }r,.

/7:'"“%’/ ve shoy thet ot /i is 4elic ettention. We aserk tor o Colois oot extansion. /= Ko €~ < kazk
with Kiay = ki (7 ), Hor pxists o Cakois root exterion = Fo e fig =K with Ga/( (ﬁéf' /f’,;) 7 cyc/'ic.

Lot Fhe tle )fefz( 0/>m£nad'l£/ ﬁ.ﬂ(o)odnmé o i oll e M th yoots o]‘Dtmrt/ 74:» a M, 021251 , e,



' Fou o Tmi ko of ey ¥ somie s} Soe, i s g el of th syt poct
osEE-/( V= 1) 50 He evtension F'/F 15 Galois, wavover, by pp2l kKF7P ic Galois.
This, we. Yae. the. Hlloisgy Galois rovt estnion,
F e =Fkeepkiye - efk=Flk - &)
Nete tht. /;W, i, time [ Kin = (F ) (PUE) wl F amins all the i h voots of ity
}), por 33, Fkin [Fles is o eyelic. extension .
Lot Cni b Be prviitive- 1 th yoots & wity for cery o2ies-| wd defee Firi = Fi (G )
ow e Ao e lowing root extension, |
Fiheefie s e fic oo w0
e, every Piv s the spilimg pele of 2"~ 1 nier- i, a8 v seons in s poof F prp 36, every
FinlFi tyelic extersion.
Thostoe., by coaterate. () (44), e abtain.the dsived Golos 1ot extnsin.
Tl T phpomsl F) e be. shued by rackeals s ids Galois o 35 & sbable group.
Boit) ©) Lonwa 38 asseri o cach rovt di of. 100 there exists o Colbis vowt otesion kg;
ath di €Ki ol Kuisni/Kas is eyelie. Lok [y e fle ;ﬁm// ey conguttor & Ka K -
Then, 05 we. seen f)mfmf F Jomma.38, L is o Galois soot extemion arol é, conttiios oF by, iogl
/:Mé‘(tM(/bﬁQI Thearem 07{‘ Galois 77:car/ v Fae L i s tyelic .-
By fudntal Thwan & Golas Ty, ve v the lbass, e f oy



See 14.1]

Gl (L/f)=Go2Cr2 - 2Cs=ud,

Thas, Gal (L/F) s soluabe.

Let K be the Gulois etosiand R0 oer fiu e i€ ke by Pw&}nmea.( Thearenn of
Calows The u e Gol (¥/F)% Gal (WF) [ Gal (LK) an by Thd Limapions
Thesm., Gt/ Gl (6/k) ) [/ (Gi / Gal () ) = Gin /6.

Boke, by the pllning tain . Gol U</ 55 sohvable -

Cal (K/F) = Gal (6/F) [ Cal (u/k) 2 Gt/ Gaf (bfh) 2~ 2 id .
€O Lot K he. the spiltng Feld of F) weer 2. Ten e Fave e Flosing ehoin -
ol = Qg dGsa 8 - 4G, 2Go= Cal(KIF)
vith every Gi/Giti o tite Ahlion goup.
Moo, we- ascect. e monal g H 4G, i 6/ s fore Abelan g, thoe, i 2 dhain
HeHod Hide atn @ Hm= G with Hin/bi s opele,
fnce, O 1o Prite, G/H is a tusion X-modude. Thes by thn (2:5 anp thn 129, since.
¥ PLD., we Jwe G/H = 3/18) @ @3 /(m) with (8n)c- c (a1).
Sme, 21100 ACH, by the Pocth Lsomaphon. Thewem, thow. exivs H sch that
Ho S H 146 and HiHo =2 /(01) . Maeover, by the Thirel Lsomaphiom Theows, ve. dbsin
GlH 2 CHo) [Fifo) = 3/ (a0 @~ @B/ (am).  Aggin, thoe. exies Ha such that

H, < Hzél G ﬂmﬂ Hz/Hl - X/(Qz) moreover, G/H: ~ (G’/Hl)/(ua/l—-h) ":’24/(&9)‘9“' &)2(/(&'“)



é)ominamé J.x prcess e %m HodHid - 4 Mo 4G with Hon /i and G/ are eyelic.
Toche, we obicin the chan .
o <H S HG 2 S HIAHS = Gal (KR) ok ey i s gelic
Thon, byt flmotel Taoen, of Galis Thery, we Have. e g chen:
UKoz Koz 2Kz Ko ik amy ko /ei i e erterian.
Lot ni= [ s ) debe f' by adpuning 4o F oll te i 4h rosts 5 wrty r nery i
T we Hue. Bo chain P ¢ F' 7 Fkto €flecs < Foke F K ol e ¥in/ie s Gl
wd [ 6 o cxtnsian, prop! 9. shous that crery Fltcar /i i Gebio wl Gal (Fbs0 /s )
2 Gl (I [l 0 16 ) Cal (Bt fiew ) & B [ Thi shows #hat erery Cal CF v lF i3
o gl aol cheh o dhlrg 5 M oy 1, frrkwoe, way Féon /Fis i gpele.
| e , P atnivs all the 14 rowt ¥ ity Torecter-, every dick dide 1= CF /o]
dide: 11 aol the chuscroistc of 0. by 3], we btin, i F 60 ) orome. 45
P Mo, we aladly soni e poef o towna 32, doe ors i el s o
w0 J' . Theohe, K is o swple ndinl extemsion. | |
S, K SF K, aach root f 160 15 comained in K, 3060 e be shueol by adicals.
(rf0. Th gpen. cquton o ohgee 1. oot be e by el o 725
bod). Thon 32 assrt e sl fﬂ%/hamil,[ is seprable it Galois grevp S B S is ot
wshiabl g e 225, by tho 39, th sprorl phsomis comt be shed by deals - Thes ve



5&@, !4‘7

. reman Ao J%ou 7‘[&1‘, Sn i gt 50/1/&44’/ %‘ N2s .

let m25 . J’m z%a mxim;( prper ;wbémf of Sn s An m( A is fr’»(v/c m/ is not norg.

Py

n S)nv 7/4«4’, §n ﬂée,o et fvmﬂes ,pmivia)( ;«égm‘ﬁ ;e S)n s not so/vala/e;.



