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Abstract

In this paper, we shall demonstrate the existence of the Countryman
line within the framework of ZF set theory. The assertions and proofs
presented herein are derived from our university seminar, which is based
on [Tod87] and [Tod07].

Definition 1. The linear order set (L, <r,) is a Countryman line provided that
there is countable many sublinear order sets (C,,, <¢, ) of (L x L, <p2) such that
LxL=U{Cy;necw}

Example 2. R is not a Countryman line.
Fact 3. Every Countryman line is an Aronszajn line.

Before we see that a Countryman line exists, we shall make definitions and
lemmata.

Definition 4 (Shelah). A wi-laddersystem is an wi-sequence (Co;a € wi)
which define recursively as follows:

1. Co =10,
2. Ca+1 :{C(},
3. Co ={fBi € a;i € w} with By =0 and 3; ~a.

Now we note that for o € 5 € wy, we have a € N(Cs \ a) € .
The maximal weight, p1: w1 X wy — w, given by,

p1({e, B}) = U{|N{Cp,a}], pri(e,N(Cp \ @)} if o € B,
p1({e, B}) =0 if a = 8.

Lemma 5. For a € w; define p1(,a): a = wy ;8 — p({a,8}). Then p;(-, @)
is finite-to-one for arbitary a € w;.

Proof. We prove by induction on « € w;.

The case of the leading stage and the successor stages are clear.

If « is limit. Let C, = {§ ;i € w} and assume that there is an n € w
and infinite A C « such that V¢ € A p1(€,a) = n. We distinguish two cases,



according to whether UA = «. Let A be an infinite subset of «, we shall find an
element & € A such that pi (&, ) = p1(&,8). If UA = a. There is a £ € A such
that £ 2 £,41 and thus we have p1 (&, @) > |N{Cq, &} > |N{Cy,ént1} =n+1 2
n, a contradiction. If UA € a. Let i € w be the least ordinal such that N{A4,¢;}
is infinite. Note that the induction hypothesis asserts that there are infinitely
many £ € A such that £ € & and p1(§,&;) > n. Moreover, since there are only
finitely many £ € A such that £ € §;,_1, there is a £ € A such that {;,_; € £ € ¢;

and p1(¢, &) 3 n. Then we obtian that p1 (£, a) 2 p1(§,N(Ca \€)) = p1(§,&1) 2
n, a contradiction. O

Lemma 6. For a € 8 € wy, we obtain that pi(-, @) =* p1(-, f)]a-

Proof. We shall prove by induction on 8 and the induction on o € . It suffices
to check the case of both «, 8 are limit ordinals. Since A possess an infinite
subset whose order type is w, we may assume that the order type of A is w.
Let v = UA, § = N(Cs \ 7), ¢ be the maximum ordinal such that ff € v for
Cp = {ff ;i € w} and n = | N {Cp,v}|. Then by the previous theorem and the
order type of A is w, the set B={{ € A;£> 5? A p1(€,0) D n} is infinite.

Note that there are no ordinals j € w such that & € §; € . For { € B, since
N{Cs,&} =N{Cs,~} and Cs \ £ = Cg \ v, we obtain that:

p1(&,B) = U{| N {Cs, &}, p1(&,N(C \ §))}
=U{|N{Cs, v}, p1(&n)}
= U{n,Pl(fﬂ?)}
=m(&n). (since p1(§,n) > n)

If we have @ = n, n € B witnesses a contradiction. If we have n € «, since B
is infinite, induction hypothesis shows that there is £ € B such that p;(£,n) =
p1(&, ). Thus we have p1(§, ) = p1(&, 8), a contradiction. O

Theorem 7. For a € 8 € w1, we define the follows:

L Ao, B) = {U{{§ € wiip(&a) # pi(€ B)} {a, B},
2. o <,, B provided that pi(A(a, 8),a)) € p1(A(w, B), B)),
3. Dap={(€a+1;p(§ ) #pi(§B)}
4. nap = U{U{p1(§ ), p1(§, B)} ;€ € Dag},
5. Fap=1{6€a+1;p1(§,a) <nap Ap1(&,8) < napl
If we have the following properties:
1. every D, and F,g are finite and D,g C F,g,
2. Let a, 8,7,d € wy. If we assume the following:

(a) A(a,B) € a € B and A(y,6) €y €6,



(b) |Fa5‘ = |F76|7

(€) nap =nqs

(d) pi( )|y = p1(5 V)| Eys and pi(-, B)|Eys = p1(+0)| Eys
Then a <,, v implies 8 =y or 8 <, 4.

Proof. The first assertion is immediate by the previous lemmata. To see the
second assertion, we shall show that o <,, v and S € v implies 5 <, 4.

First we verify A(a,v) = A(B,6). We distinguish two cases, according to
whether I3 = F,s.

If Fop = Fys. To see (<), it suffices to show that V& € A(a, ) (p1(§,5) =
p1(E,0)AE € BAE € 8). Tosee Ve € Al,) (p1(6, B) = p1 (£, ) AE € AAE € 0),
let £ € A(a,7). Note that we have p;(§, ) = p1(£,y). Case 1. If we have
p1(§, @) = p1(§,B) and pi(§,0) = p1(§,7), then we have pi(&,8) = p1(§,0).
Case 2. If we have p1(§,a) # p1(§,08) or p1(&,9) # p1(§,7), we have £ €
D.g C Fap or £ € Dys C F,5, so we obtain that { € F,g = F,5. This
shows that p1(&,8) = p1(£,0). To see that A(w,vy) > A(B,9), it suffices to
show that p1(A(a,7v),8) # p1(A(a,v),0). Note that we have p1(A(a, ), @) #
p1(A(a,7),7)). Since we have the equality p1 (-, @)|r,, = p1(-,7)|r,;, Wwe have
Ala,y) € Fop = Fy5, moreover, A(a,y) € Dog = D,s. Hence we have
p1(A(a,y), ) = p1(Ala,7),8) and p1(A(e,7),7) = p1(Ale,7),0d), further-
more we have p1 (A(a,7), 8) £ p1(A(a,7), 6).

If Fog # Fys5. Let n = N{U{Fag, Fys},N{Fap, Fys}}, then we have n <
o, 3,7,8. Assume that n € F,3 \ Fys (the other case being handled in the
obvious dual manner). n € Fyg assert that pi(n, o) < nag and p1(n, 8) < naeg.
And n & F,s assert that n,s € pi(n,v) = p1(n,d), we have pi(n, ) € pi(n,7)
and p1(n, 8) € p1(n,d), moreover, A(a,vy) < n and A(B,4) < n. This shows
that, we suffice to verify that N{A(a,7),n} = N{A(B,),n}. Since we have
P10 ) Fasmy = P10V n(Esmy and p1(, B)laiFas.my = P10 0)n(F .0y, bY
the mimik the case of F,,3 = Fs, we can verify the equality. Therefore, we have
A(a,v) = A(B,0) in generally.

Finally we shall show that p1(A(8,6),8) € p1(A(B,9),9). Let £ = Ala,y) =
A(B, ). Note that since a <p, 7, p1(§, ) € p1(&,y) holds. We distinguish two
cases, according to whether F,,3 = F,s, again. If F,5 = F,s holds. Since
p1(&, ) = p1(&,v) and p1(&,8) = p1(§,0), we obtain the desired equality. If
Fop # F,5. By letting n as we have seen above, we obtian £ € n and N{Fug,n} =
N{Fys,n}, we obtain that p;(§,a) = p1(&,y) and p1(€, B) = p1(&,0). Now we
complete the proof.

O

This theorem assert that if there is an uncountable set A such that for every
{a, B} € [4)?, A(a, B) € N{a, B}. Then for n € w and p, ¢ € <“w by letting:

a€BAn.g=n
St o= ,0) € AxA;
{<°‘ & Ao, @)y = DA P13 Bl ~ 4 }
Sy, be a linear set. Moreover, by letting Q) , = {(3,a);(a, 8) € S} and

)

P = {{a,a);a € A}, then we obtain that



AxA=U{U{S},.Qp, ip, g€ ““wAnew} P}

Therefore, A is a Countryman line. To see that a Countryman line exists, we
remain to show that an A exists.

Lemma 8 (Continued fraction). Define funcion C: <“w — R which assigns to
f the real:

0)+ 1+ !
110) T+ Ty —

t. 1
BRI EIEs!

and define C: “w — R which assigns to f the limit point for (C(f|,);n € w).
Then, C: =¥w — R preseve the order.

Proof. Since for positive reals a and ¢, we have a_lw < %, C: <“w — R preseves

order. To see the C: “w — R is a function. For f € “w, since C(f|,) <
C(f]n+1) <0 for each n € w, C(f) € R and preseves order. O

Lemma 9. There is an uncountable set A C w; such that for o, 8 € A, a € 8
implies /01('7a) §Z pl(vﬁ) EquivalentIY7 V{Oé, 5} € [A]2 A(a76) € m{avﬁ}‘

Proof. Define ¢: w1 — “w;a — (fo:n = |{€ € a;p1(§, @) = n}|). Then for
a, B € wy if we have pi(-,a) C p1(-, B), we have f, < fz for pointwise and we
have f, < fg if a € B.

For a € wy if there is an ordinal § such that pi(-,a) C p1(-,9) and o €
0 then, choose the J, such that the function pi(-,d) is minimal among the
subset relation. If such an ordinal §, exists choose a rational ¢, € Q such that
(Cop)(a) <r go <r (Cop)(dn). We distinguish two cases, according to whether
such an « exists for uncountably many.

If such an « exists for uncountable many, Pigeonhole principle asserts that
there is a rational ¢ € Q such that g = g, for uncountable many « € w; and let
A be the set of such ordinals. To see that A is the desired set, suppose that there
are («a, 8) € N{A x A, €} such that p1(-, &) C p1(+, 8) holds. The minimality of
0o asserts that pi (-, ) C p1(-,04) C p1(+,B) and since « € d,. We obtain that
do <r (Co¥)(da) <r (C o ¢)(B) <r g, a contradiction.

If such an « exists for only countably many, let 5 € w; such that for arbitrary
a € wy with @ 3 8, a does not possess a d,. Define A = {a € wy;a > B} and
to conclude that A is the desired set, let {«, ) € N{A x A, €} and we shall
show that pi(-, @) & p1(+,8). This relation is immediate from that é, does not
exist. O
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