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Abstract

In this thesis we study the relation between free module and projective
module. It is a folklore that every free module is projective (see. Theo-
rem II1.11), but in generally the converse does not hold. The Whitehead’s
problem is the question that whether Ext} (A, Z) implies A is free. In this
thesis, we demonstrate models where Whitehead’s problem holds true and
where it does not.

To produce the not free Whitehead group we use the model MA +- CH
and construct the model that Whitehead group is free we use the Godél’s
constructive universe. I discusses references to the works of [Jec03] and
[Kunll] in the section “Diamond Principle and Martin Axiom”, [DIF04],
[Mac71], [Kaw76] and [Kaw77] in the sections “Derived Functor” and
“Module” and [EkI76] in the last section “Whitehead Problem”.
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I Diamond Principle and Martin Axiom

Definition I.1. For regular cardinal x and stationary set £ C k. Qg is the
statement that there is a ¢ g-sequence (D, C £;a € E) such that {a € E; EN
a = D,} is a stationary subset. ¢ is the statement O, .

Theorem 1.2. Oy = ¢ < UE. In particular § = ¢ = w;

Proof. Let (D, ;a € E) be a { g-sequence. We shall show that P(w) C {Dy; €
E}. Fix A € P(w). Since {y € UE;UA € ~} is club, there is an a € E such
that UA € a« and AN« = D,. Moreover, we have A = D,, now we complete
the proof. O



This result assert that =0z hold in the model ZFC 4280 > g (where k =
UE). Thus, by using the Cohen forcing, it is easy (for example, use a forcing
poset P = Fn(w X N, 41,2)") to construct the model for =0 z.

Theorem 1.3 ([Jec03]). V=L = O

Proof. Fix a regular cardinal x = UE. At the beginning of the proof,
we shall define a pair (S,,Cy,), a € K, recursively in a uniform way, such
that S, C k and C, is club in «:

1. S() = Oo = @,
2. Sa+1 = Ca+1 =+ ].,
3. For limit stages:

Case-1. (Sa,Cy) be a least <, least pair such that
a. So C K,
b. C, is club in k, and
c. SaN&# Se for any € € C,.
Case-Il. S, = C, otherwise.
We shall show that the sequence (S, ;a € F) is a O sequence. Assume not,

suppose that there is a subset X C k and a club C in k which pair witnesses
that

XNa#C, for any a € C

, we may assume that the pair (X, C) is a <j-least pair.

Note that since Sy, Xa, k, X, C C K, we have ((So,Co);a € E), (X,C) con-
tain in the model (L(xT), €) and moreover for a countable elementary submodel
N with E € N, since both sets are definable in the model (L(k"), €), we ob-
tain that both contained in the model N and let 6 = kT N N. For a transitive
collapsing function 7: N — Ls. we have the following properties:

o 7(3) =5,
o m(X)=XnN§,

e 7(C)=CnNé, and

o 7(((Sq,Cq);a € E)) =((S84,Co);a € 0NE).
Therefore, in (L(6), €), we have:

(X N6,CNo)is the <p-least pair (Z, D) such that Z C § and D is club in 6,
and Z NE # Se for any € € D.

iSee Theorem TV.7.17 in [Kunl1]



Moreover, we have the property (x) in L, so by the construction in Case I, we
have that (S5, Cs) = (X Nd,CNJ). On the other hand since C'N¢ is unbounded
in § and C is closed in k, we have § € C. Therefore, § € C' witnesses that
CnNé=Ss, acontradiction. O

Theorem I.4. Let E be a stationary subset of regular cardinal x and (D, ;« €
E) be a {g-sequence. Let X, B be sets of size k, g: X — C function, (X, ;a €
k) be a strictly increasing sequence among C of size < k, suchas X = U{X,;a €
k}. For a bijection v: kK — X x C, there is an a € F such as D,, code g|x_, i.e.,
glx. = v[Dal.

Proof. Let
X ={v'((a.¢))5{a,c) € g}
F={a€kr;glx, Cvla]C XoxC}

First, we shall show that F' is club. It is obvious that F' is closed. To see that
F' is unbounded. Let &, € k. Define &,, a € k, recursively:

1. Successor stage:
(I-a) Satons1 =U{n € riv(n) €glx, ., }+1,
(17b) V[§a+2n+1] C X£a+2n+2 x C,

2. Limit stage:
(2-a) & = U{& ;o € v} for any limit v € k.

Then we have that { = U{{,;a € Kk} € F.
Since O g asserts that the set {o € E'; X Na = D, } is stationary, there is an
a € F such that X Na = D,. It is routine to obtain that v[D,] = v[X Na] =

glx,- O

Definition I.5. MA is the statement that for any family F of dense subsets of
cce poset P of with |F| < ¢ there is a generic filter G.

Fact 1.6 ([Kunll]). Con(ZF) = Con(ZF + MA +-CH).

Corollary 1.7. Assume MA +—CH. Let A, B be sets of size < 2% and P C
Fn (A, B) be a non-empty family. If P satisfies the conditions

1. Vae AVf € PAge P (f C gAa € domg), and

2. VA€ [P 3{fo, i} € [APIfa € P (foU f1 C f3)
then there is g € 4B such that for any finite set F' € [A]<“ there is a f € P
such that
glr = f|lFr and F C dom f.

Proof. Since P is a ccc-forcing poset, with relation <p=D>, for a family F =
{Dp;F € [A]<*} of size < ¢, where Dp = {f € P;F C dom f}, by applying
MA there is the desired generic real UG € 4 B. O



IT Derived Functor

Definition II.1. Let f: A — B be a morphism. We define the followings:

1. The

2. The

3. The
4. The

kernel for f is the morphism ker f: Ker f — A such that

foker f =0, and
For any ¢: C' — A with f o ¢ = 0 there is the unique ¥: C — Ker f
such that ¢ = ker f o1, i.e.,

Kerfkcir&A%B

A

¥
C

)

cokernel for f is the morphism coker f: B — Coker f such that

coker f o f =0, and

For any ¢: B — C with po f = 0 there is the unique ¢: Coker f — C
such that ¢ = 1 o coker f, i.e.,

A%BMCokerf

Xﬂ

C
image of f is the kernel of the cokernel of f, im f = ker coker f,

cotmage of f is the cokernel of the kernel of f, coim f = coker ker f.

Definition I1.2. An Abelian category, A, is a category with following proper-

ties:

fo,f1 90,91

1. For any arrows - —— - === . in A, we have the additive operation +
such as

(a)
(b)
()

fo, f1 is an arrow in A with same domain and codomain,

fo+ fi = fi+ fo,
The composition (go+g1)o (fo+ f1) = gofoo+gofio+gio fo+gi0fi,

2. A possesses the null object, we denote 0,

A S

Every arrow has the kernel and cokernel,
A has the binary biproduct, (we define at the following)
Every monic is the kernel for some arrow,

Every epi is the cokernel for some arrow.



Theorem II.3 (Snake lemma,[Mac71]). For two exact sequences with mor-
phism f, g, h as following diagram commutes. Then there is a long red exact
sequence as in the diagram. Moreover, if we have the two blue we can extend
the red sequence.

0 —> Ker f > Kerg > Kerh

0 > A > B > C >0 |s
|f |£I h
S 4

0 S Al Yo S0

| |

Coker f —— Coker g ——» Cokerh ——» 0

Definition II.4. For two objects a,b the binary product object a & b is the
object with four morphisms and universal property such as:

—m4

e There are two inclusions, ¢, and two projections, p, such that
1. ppoig =idyu,
2. pgpoip =idg,
3. ia0opa+ipopp =idagn

iA PB
A%’A@BﬁB

B

In generally, since we have pyoig = pao(igopa+igopp)oig =paocip+
pA ©ip, we obtain that pgoiy =0 and pa oip = 0. Hereafter, we use only for
an Abelian category.

Definition I1.5. Let f,g be composable pair. The sequence A EN ;3N Cis
exact at B provided that any of following equivalent statements holds:

e im f =kerg,
e coker = f = coimg,

e gof =0 and for any ¢ €, B if g o ¢ = 0 then there is a morphism
¢ €m A such that ¢’ o f = .
A sequence Ag — Ay — --- — A, is exact provided that it is exact at any
object.

A short exact sequence 0 — A LBs%ooo splits provided that we have
the one of the following equivalent statement:

1. there is a morphism h: C' — B such that go h = id¢,



2. there is a morphism h: A — B such that ho f =id4,

3. B=AaC.
Lemma II.6 (Splitting lemma). For a short exact sequence 0 — A ENY ;IR
C — 0, the following are equivalent.

1. f is right-cancellable, i.e., there is a morphism f’ € Hom(A, B) such that

flof=ida,
2. g is left-cancellable, i.e., there is a morphism ¢’ € Hom(A, B) such that
goyg =idc,
3. There is f' € Hom(A, B) and ¢’ € Hom(C, B) such that
o fof=idy,

e gog =idg, and
e fof' +g og=idp.

Proof. We shall show (1) == (3) (the other cases are immediate by mimic this
case or manifestly). Let f': B — A be a morphism such that f' o f = idp.
Since the short sequence exact at, we obtain that B, coker f = coimg = ¢g and
(1= ff") o f =0, we have the canonical morphism ¢’': C' — B:

A%B%C

PN
idp —ff v
B

Moreover, since we have gog’og = go (idg —ff'), gog’ = id¢ holds (note that
g is epi).
Therefore, we obtain

with
1 flof=idg,
2. ¢ og=1idg, and
3. fof+gog =idp.
O

Definition I1.7. For two Abelian categories A and B and a functor T': A — B,
we define the following:

1. A functor T is additive provided that for any parallel arrows f and g in
A, we have T(f +¢g) =T(f) + T(9),



2. A covariant functor T is left-exact provided that for any short exact se-
quence 0 - A — B — C, a sequence 0 — T(A) — T(B) is exact.

3. A covariant functor T is right-exact provided that for any short exact
sequence A — B — C' — 0, a sequence T(A) — T(B) — 0 is exact.

4. A covariant functor T is ezxact provided that it is right and left-exact,

5. A contravariant functor T is left-ezact provided that for any short exact
sequence A — B — C' — 0, a sequence 0 — T'(A) — T(B) is exact.

6. A contravariant functor T is right-exact provided that for any short exact
sequence 0 - A — B — C, a sequence T(A) — T(B) — 0 is exact.

7. A contravariant functor T is exact provided that it is right and left-exact.
Theorem 11.8. Every additive functor preserves the binary product objects.

Theorem II1.9. Every splits exact sequence 0 - A — B — C' — 0 preserved
by any additive functor.

Definition II1.10.

1. Anobject P is projective provided that for any ¢ and epi f whose codomain
are the same, then there is v such that ¢ = f o1,

2. Anobject @ is injective provided that for any ¢ and monic f whose domain
are the same, then there is v such that ¥ = o f.

Theorem I1.11. For two projective objects P, (), then the direct product object
P & @ is projective.

Definition I1.12. Let C be a countable sequence of pair of object and arrow,

C=((Cpn,0n);n € w)

1. A sequence C is a chain provided that domé,, = C,, = codd,+; for any
n € w,

§ Sn 5 6
"'*)Cn_;_l—ntl—>cn—>cn_14)"'—l>CO—O>COd50

2. A sequence C is a chain complex provided that C is chain and §,, 06,41 =0
for any n € w,

3. A sequence is a projective resolution for an object A provided that it is a
chain complex such that every C,, is projective, cod dg and the following
sequence exact:

On O 5 5
e Cp 0, I C = S G B A0

In particular for an object A, a chain C with cod dg = A is called a chain for A.
Duality,



1. A sequence C is a cochain provided that dom 4,1 = C,, = cod §,, for any
n e w,

1) )
d0m50—°>00—1> = Ch_ 1—>C ‘ntl_)cn—i-l‘)

2. A sequence C is a cochain complex provided that C is cochain and 6,41 +
o6, = 0 for any n € w,

3. A sequence is a injective resolution for an object A provided that it is
a cochain complex such that every C), is injective, dom dy = A and the
following sequence exact:

On+1

05 A2 0y 2 5 Oy 25 O 25 Oy — -

In particular for an object A, a chain C with dom dy = A is called a cochain for

A.

Definition I1.13. Let A = ((A4,,,);n € w) be a chain complex. Define the n-
th homology object as the quotient object, H,,(A) = H,,(d,) = Ker(d,,)/ Im(dp+1),
i.e., the unique module as following universal property.

(On+1) oy Ker(6y, ) cokerun v ker u, = Ker(d,)/Im(6pt1)
im 041 ﬁr Sn
On41 l
An+1
coker 5n+1l “
Coker 5ﬁ

Definition II.14. Let A = ((A,,d,);n € w) be a cochain complex. De-
fine the n-th cohomology object as the quotient object, H*(A) = HX(0,) =
Ker(d,)/ Im((5n+1) i.e., the unique module as following universal property.

uk coker u),

"y Ker(d,41) — Cokerw), = Ker(dp41)/Im(d,)

im én l /T Ont1
n+1
coker 5nl U

Coker §,,

Ana

Theorem II.15. For an object A and let A = ((A,,d,);n € w) and B =
((Bn, A\n);n € w) cochains for A. If there is morphisms (f,: A, — B,;n €
w)y: A— Band (g,: B, > A, ;n €w): B— Awith g,0f, =idy, foreachn €
w. Then there is (¢, Hp(A) = Hp(B);n € w) and (¢, ;n: H,(B) — Hp(A) €
w) such that v, o ¢, = idg, 4). Moreover, if two chains are isomorphism, so
does H,(A) and H,(B) for any n € w.

Proof.



coker 5,
A, Coker 6,

/ ‘ \ & cokeruTy )
Imé, T Ker 41 Coker(u’;
: f"vl
. ker A
idy, B, — %2 Coker \, on
/ ‘ \ x " v
coker u
Im A\, —_— Ker \ypq —————— 22— Coker(u’)
’ l
n+1
g
ker 8, .
n coxer Coker 6, ¥ idp,, (4
/UA' \ & coker u’}
Imé§, ——— Kerd, i1 Cok(‘r(uA)

O

Theorem I1.16. For a cochain {(X,,d,);n € w), the n-th cohomology has the
different form as in the following diagram:

Coker u, 1 & Ker 6, =1 Imé,_; Imé, —=— Kerd, 1 coker U oker Up
H wi, e e H
H,_1(X) Xn2 bt Xn1 2 bt X1 H,(X)
H et T H
ker §,, b coker 3,

Ker5 ——= 3 Cokerd,,_1 "y Kerdpyg —mM8M8M Cokerzf

Proof. To prove that Cokeru,_1 = Kerg;l, it is enough to show the following
two equalities:

1. coker u, = coim(coker d,,_1 o ker d,,),
equivalently, im u,,_; = ker(coker é,,—1 o ker d,,),

2. ker 4, = im(coker 8,1 o ker 8,).

Im 6,1 Xo_s X, — X
lu%l l(;n /
T, 1 7 Kerg, —S50ny, x, ) Tt ks, ——" Ker Ont1
lcokcrunfl im(coker 6,1 oker 6")1\ m
Coker u,, 1 Im(coker 6,1 o ker dy,) Ker 6~n

For 1, we shall verify
e cokerd,_1 okerd, oimu,_1 =0,

e cokerd,_j okerd, op =0 = 39 ¢ = imu,_; o9 for any composable
©.
The former is immediate by the facts that w,_; = imu,_; o coimu,_; and

coimu,_1 is epi. To see the later, assume that for ¢ we have cokerd, 1 o
ker d,, 0o = 0. By the universal property for im é,,_; according to ker d,, 0o = 0,



there is 1 such that kerd,, o ¢ = imd, _1 o+. Thus, since ker §,, is monic, we
obtain that ¢ = wu,_1 o 1. Moreover, by the universal property for im wu,_1
according to cokeru,_1 o ¢ = 0, there is 9’ such that ¢ = imu, o¢’. We
complete the proof.

For 2, we shall verify

e coker(coker d,,_1 okerd,) o ker5~n =0,

e coker(coker §,, _j0kerd,)op =0 = Fpp = kerg;low for any composable
©.

The former is immediate by the facts ker d,,41 is monic and in generally for
composable f,g g o f = 0 implies coker f o kerg = 0.To see the later, assume
for ¢ we have coker(cokerd,_1 o kerd,,) o ¢ = 0. The universal property for
coker(coker d,,_1 o ker é,,) according to 5;1 o coker d,,_1 o ker §,, = 0, there is 1)
such that §~n = 1 ocoker(coker d,,_; oker §,,), moreover by the universal property
for keréjl according to ker(SA;l o1 = 0, there is 9’ such as ¢ = ker(SA;I op. We
complete the proof.

To prove that Coker u,, 11 = Coker 5~n, we shall show the following two equal-
ities:

At the beginning of the proof, by the universal property for cokerd,,_1 ac-
cording to coim d,,06,,—1 there is ¢ such that coim §,, = pocoker §,,_1. Moreover,
the uniqueness property for 5~n asserts that 5:, = Up41 O Q.

Oy
n2—>Xn1

1
n+1
coker 6,1 on ker 8,41
coim 4y,

Coker 6,1 s Im¢,, ———= 5 Ker Ont1

A

On
To see that coker u, 41 = coker 5~n, we shall show that:
e coker uy,41 © 6~n =0,
e qo 5~n =0 = 3% n =1 o cokeru, for any composable 7.

Since former is immediate, we shall verify the later. Assume that 7 o 5~n =0,
we have 1o u,1 o coimd,, = 0. Thus, by the universal property for Coker w11
according to 1 o u, 41 = 0, there is 1 such that n = 1 o coker up41.

O
Theorem I1.17. For chains A, B, C and morphisms ((f,, g») ;n € w) such that
the sequence 0 — A, In, B, 2% C, — 0 exact and frr1 06, = Ap o f, and

10



Jn+1 © A = Ny, © gy, for each n € w. Then we have two short exact sequences as
in the following diagram draw by red and blue:

0 0 0 0 0
l On—1 l Sn l On—1
Ap-1 P - App1 — Anja
/ ‘ er&V
Coker 6,1 4> Ker 6,41
fn—1 St
N Pn—1 Pnt1 N
n—1 An n—1
Bn—l Bn Bn+1 — Bn+2

coker A\, 1
Yn—1 / o AA,,,H Gn+1

Coker A, 1 /\~4> Ker A1

Yn— Pnt1
Mn—1 Mn Mn—1
Cn— 1 Cn Cn+1 Cn+2

coker n, -1
‘ A'u«#l

Coker 7,1 7~4> Ker 7,41

[

0 0 0 0 0

Proof. Immediate by Snake Lemma. O

Theorem IL.18. Let A = ((A4,,6,);n € w) and C = ((Cp,7m);n € w) be
projective resolutions. Then there is a projective resolutions B = ((B,, A\,);n €
w) such that 0 - A,, — B,, — C,, — 0 splits exact for each n € w \ 1.

0 0 0
| |
Apio 2220 A Oy A,

lf‘n+1 J/f‘n-%—l
An
n+2 4> BnJrl *> Bn
In+1 J{gnﬁ»l
Mn+1 Mn
Cryz — Cnpr —— Oy

| |

0 0 0

Proof. Manifestly by letting B,, = A,,®C}, and f,, and g,, be canonical inclusion
and projection. O

Definition I1.19. A category A is enough projectives provided that for each
object A there is an epimorphism f: P — A where P is projective. Duality, A
is enough injectives provided that for each object A there is a monic g: A — @
where @ is injective.

Theorem II.20.

11



1. If A is enough projectives, every object has projective resolution,
2. If A is enough injectives, every object has injective resolution.

Proof. We prove the first statement. (Note that the second statement can being
handled in an obvious dual manner.) Let X be an object in .A. There is pro-
jective Py and epimorphism pg: Py — X. Then we have the following sequence
exact at Py and X,

ker po

Ker py Py 25 X 0.

Continuing this processes, we have the projective objects P,, n € w,

ker ppoppn 41 ker py,—10pn ker poopy

P, Py 2 X 0

Pn+1

and the uniqueness for epi-monic factorization asserts that the sequence exact
at any were. O

Definition I1.21. Let A be enough projectives Abelian category. For an ad-
ditive contravariant functor 7', define a right-derived functor. For an object
A € A, choose a projective resolution ((A4,,d,);n € w) (we shall show that
the definition is not depend on the choice of this resolution), we have the chain
((T(An),T(6r));n € w). The right-derived functor given by following data:

1. (R"T)(A) = H,(T(A)) or (R'T)(A) = Ker §y for any object A,

2. (R*"T)(f): (R*"T)(A) — (R™T)(B) be the canonical morphism for any
arrow f: A — B.

Theorem I1.22. For an object A and contravariant additive functor 7', the
derived functor does not depend on the choice of projective resolution.

Proof. Let A and B be projective resolutions. The sequence A ® B = (4, &
B,;n € w) is a projective resolution. It suffice to show that (R"T)(A) =
(R"T)(A & B). There are morphism between two projective resolutions A and
f=AdB, (i1 A, = A, ®B,;n €w) and (p}: A, ® B, — A, ;n € w) this
morphism witness that two chains T'(A) and T'(A & B) are isomorphism. Thus
by Theorem II.15 we have (R"T)(A) = (R"T)(A & B) for each n € w. O

Theorem I1.23. Let A be an enough projectives Abelian category and T': A —

B be additive contravariant functor and let 0 — A ENY;JER C — 0 be a short
exact sequence. Then we have the following long long red exact sequence.

12



1) ) () ) 7(C5) )
kV % w’m,, kex Tm)
(ROT)(C) ") Coker T() — L Ker T(m) — (RIT)(C) ko) Coker T() ——2) Ker T (1) % (R2T)(C)
Coker )
() ) (B T(a) (Bs)
coker V | o coker T(A1) ker )
(ROT)(B) ) Coker T(\g) — 20— L Ker T(As) — (R'T)(B) Coker T(\,) ——22) Ker T(\s) L) (R27y ()
T
Ti6) T(6)
T(A) T(42) T(Ay) |
coker V [ \, - e T(6)
(RT)(A) "2 Coker T(sy) — 0 L KerT(8y) —s (R'T)(4) kerT0:) Coker T(8;) ——2) Ker T(55) 2708 (per)(a)
e ‘
T(men) T(Cora) Tniz)
N o coker T(n 1)
ker Tamngn) ker Tma)
(R"T)(C) —"Coker T, L Ker T(na12) —y (R™1T)(C) her T{n +2) Coker (1)
coker s
e T(Busz) L TG |
K TOu s o o caker TG ),
(RT)(BY = Coker T(A, s KerT(Auy2) —y (R™IT)(B) Rt nss) Coker T(Ay 1) —02 Ker T(0) 3 (o) ()
coker T(An+1)
T(Ani1) ) (i) ) Tn) | oo
coker T(6) [ ) e T(Gnss:
ker T0ng1) TG . Ker T(ra) o) % cokerT{ogrg) ¥
(R"T)(A) — Coker T(6,,) — = 1 Ker T(6,+2) —= (R"T)(A) - Coker T'(3,41) - Ker T(8,43) — (R"2T)(A)
‘ ke Toum) ‘

Lemma I1.24. Let T be an additive contravariant functor and let R™T be
right-derived functor for 7. If T is left-exact, (R°T) = T. Moreover, for a
projective object A, we have (R"T) = 0 for any n € w \ 1.

Proof. Immediate by that the sequence 0 — T(A) — T(Py) — T(Py) exact for
a projective resolution ((Pp,d0);n € w). To see the moreover part, note that

o3> 02>0-2A—>A0A—-A—>0

is a projective resolution for A, we obtain that (R"T) =0 for n € w \ 1. O

IIT Module

Definition ITI.1. Let R be a ring. M is a (left) R- module provided that M
is an Abelian group and there is an action -: R x M — M such that:

o (r+grr’,m)=-(r,m)+n -(r',m), for any r/r € R and m € M,

o (r,-(r',m)) = -(rr’,m), for any r/r € R and m € M,

o -(r,m+pym)=-(r,m)+r-(r',m), for any r € R and m,m’ € M,
e If R processes identity idg, -(1g,m) = m for any m € M

We simply write r - m for -(r,m), or more simply rm when there is no danger
of confusing.

For an Abelian group A, we can regard A as the Z-module with following
natural action:

(n+1la=na+a
for any n € Z and any a € A.

13



Definition III.2. An R-module homomorphism ¢ form R-module (M, +M)
into R-module (N, +p) is a function such that

o o(x+ry) =) +n @(y) for all 2,y € M and
e o(rm) = re(m) for all r € R and m € M.

Notice that, for fixed ring R, the collection of R-modules and the collection
of R-module homomorphisms be an (enough projectives) Abelian category.

The finite dimensional vector space (linear space) over a field F is a (free-)
F module and the F-module homomorphism is the linear transformation or the
associated matrix.

Definition III.3. For a set A, the free R-module on the set A, F'(A) is an
R-module with following universal property:

A— F(A)

[l

~

M

©

For set morphism f: A — B there is a unique R-module morphism F'(f) such
that TFDC:

A —— F(A)
Jf J{F(f)
B —— F(B)

In this sense, we can define the free functor F': Set — R-Mod and note that F'
is an additive functor.

An R-module M is free, provided that there is a set A such that M = F(A).
In particular, we said that the free Z-module as free Abelian group.

Theorem III.4 ([DF04]). Every free module is projective.

Definition III.5. For an ordinal «, a sequence (A¢ ;€ € ) is a smooth chain
provided that

1. A¢ C Agyq for any € €
2. A = U{A,;n €&} for any limit £ € o

We said that a smooth chain is smooth chain of modules if A is module and
Ag¢ is a submodules of A¢4q for any £ € .

Theorem IIL.6. For a smooth chain of R-modules (M¢;§ € o). If My and
M, +1/M,, are free, for any n € «, the R-module M = U{M¢;{ € a} is free.
Moreover, M /Mg is free for any & € a.

14



Proof. We shall show by induction on a. For the leading stage is immediate.

To see the successor stages. Let A and B be sets such that F'(A) = M, and
F(B) = M¢/M¢. Note that since the free functor F': Set — Z- Mod is additive,
we have F(A® B) = F(A) ® F(B). Since we may assume that A and B are
disjoint, we obtain that F(AUB) = F(A) @ F(B) = M¢ & Mey1 /Mg = Me1.
We complete the proof.

We prove the limit stages. Induction hypothesis asserts that there are sets
Xe, § € a, such that X¢ C X¢4q and F(X¢) = M, for any £ € a. To complete
the proof, it is routine to see that F(U{X¢;{ € a}) = U{M;;& € a} by check
the universal property.

To see the moreover part, let X and Y be basis for Mg and M respectively
such as X C Y we note there is a unique ¢ by the universal property for cokernel
and v by the universal property for free module:

M/M¢ — 0

coker f @ Tw

0—— Me —15 M == F(Y\ X) —— 0

[

X Y Y\ X

Here, p and 1 is the canonical inclusion and projection since M = M & F(Y'\ X).
The equality pot) = id is immediate by the fact that ¢ is epi and ¢ = poior).
The equality 1 o ¢ = id is immediate by following steps:

@ =@ocoker foiop
id = coker foiop
Y op=coker foiopoop=id
O

Definition ITII.7. An R-module is projective provided that it is projective in
the sense in an Abelian category R-Mod.

Theorem III.8. R-Mod is enough projectives.
Lemma IIL.9. For any R- Mod M, there is an projective resolution.

Definition ITI.10. Let A, B,C be R-modules. An exact sequence 0 — A —

BL oo splits provided that there is a R-module homomorphism g: C — B
such that go f =id¢.

Theorem II1.11 ([DF04]). Let R be a ring with identity and P an R- module.
TFAE.

1. Hompg(—, P) is exact,
2. Exty(—, P) := (R'T) = 0, here T is an additive right-exact contravariant
hom-functor Homg(Z, P) from Z- Mod,

15



3. If P is a quotient of the R-module M then P is isomorphic to a direct
summand of M, i.e., every short exact sequence 0 - L - M — P — 0
splits,

4. P is a direct summand of a free R-module.

Definition ITI.12. For an integral domain R and R-module M, we define a
torsion submodule of M and an annihilator of module M.

1. Tor(M) ={z € M;3r € R\ {0} ra =0},
2. Ann(M) = {r € R;Ym € M rm = 0}.
We said that M is torsion free provided that Tor(M) = 0.

Theorem IT1.13 (Fundamental Theorem (invariant factor form), [DF04]). Let
R be an P1.D., and M a finitely generated R-module. Then we have:

1. There is a finite sequence of R, (a;;i € n), and r € w such as

o (apg) C (a1) C -+ C (an-1),
e M =R @®R/(ap) ®R/(a1)®...R/(an_1).

2. M is torsion free if and only if M is free,

3. In the decomposition in (1),
Tor(M) = R/(ao) ® R/(a1) ® ... R/(an—1)

Moreover, M is torsion module if and only if 7 = 0 and in this case the
annihilator of M is the ideal (ag).

Definition III.14. Let A be a torsion free group and let B be a normal
subgroup of A. B is a pure subgroup of A provided the quotient A/B is
torsion free. For a subset B the pure closure for B is the subset such that
B'={a€A;IneZ\ {0} n-a <€ B}.

Note that the pure closure B’ is a pure subgroup for torsion free group A.

Theorem III1.15 (Pontryagin’s Criterion). Let A be a countable torsion free
group such as every finitely generated subgroup of A is contained in some pure
finitely generated subgroup. A is free.

Proof. Enumerate A = {a,, € n € w}. Thanks to the assumption we can easy
to define an increasing sequence, among C, of finitely generated pure subgroup
of A {B,, € n € w} such that

e a, € B, and
e B,.1/B, is free. (See Theorem III.13)

The proof of the theorem is completed by an application of Theorem III.6. [
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IV  Whitehead Problem

In this section, since we treat a Z-module, we simply say Abelian group.

Definition IV.1. An Abelian group A is a Whitehead group provided that
Ext;(A) =0

Definition IV.2. Let A be an Abelian group. C is an (A, Z)-group provided
that it is an Abelian group whose underlying set is B x Z (i.e., for the forgetful
functor U: Z-Mod — Set, U(C) = A x Z), (0,n) +¢ (0,m) = (0,n + m) for
each n,m, and a map 7: C — A given by (a,n) — a is a group morphism.

Note that since the kernel for 7 is Z, if « is left cancellable by splitting
lemma we have C = Z & A.

Theorem IV.3. Let B; be a Whitehead group and By be a subgroup of B;
such that the quotient By/Bj is not Whitehead. Then there is ¢ € Hom(By, Z)
such that there are no v € Hom(Bj,Z) such as TFDC:

lgl — 7
P
Proof. For a short exact sequence

coker ¢

0 — By J% B —— 131/130 — 0,
we have an exact sequence
Hom(By,Z) “+ Hom(Bo, Z) £ Ext(By/Bo, Z) — Ext(By,Z) = 0.

To conclude the proof, we remain to see that the ¢* is not epi. Suppose not, we
have Hom(By,Z) = Im* = Ker . This asserts that ¢ = 0 and moreover, since
© is monic, we obtain that Ext(B;/By,Z) = 0, a contradiction. O

Lemma IV 4.
1. Every free Abelian group is a Whitehead group,
2. Every subgroup of a Whitehead group is also a Whitehead group,
3. Every Whitehead group is torsion free,

4. For a Whitehead group A and a subgroup B such that A/B is not a
Whitehead group. Let Cy be a (Bg,Z)-group with the left cancellable
canonical morphism mg: Cy — By. There is a (By,Z)-group Cp such
which is an extension for Cy and there are no left inverse for m; which is
an extension for a left inverse for m.
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5. Every countable Whitehead group is free,

Proof. The statement (1) is manifestly.

To prove (2). Let A be an Abelian group and B a subgroup of A. Let
i: B — A be the natural inclusion. Let f: C'— B be a module homomorphism
such that

f coker f .
0—~7%Z—C =B —=0is exact.
We shall find a right-inverse g: B — C for f. Define a function ¢: A — B
which assigns z to « if z € B and 0 if A\ B. Then we obtain an exact sequence
such that
iof coker foyp
0-Z—-C—A—50.

Since A is Whitehead, there is a module morphism ¢’': A — C such that 10 f o
g’ = id4. Moreover, since ¢ o i = idp, we have that fo (goi) =1idp.

To prove (3). Let A be a Whitehead group and assume that there is a €
Tor(A) \ {0} and let n € Z with n-a =0. Let m: A — A/{(a) be the canonical
projection. Then the kernel is ker m: A — A with canonical assignments. Then
since previous fact asserts that the finite subgroup (a) is a Whitehead group,
we obtain that A = A @ A/{a), a contradiction.

To prove (4). Note that Cy = Z@® By. Fix a morphism ¢ € Hom(By,Z) as in
Theorem IV.3 and define v € Hom(Cy, Cy) which assigns (b, n) the (b,n+¢(b)).
Assume that there is a left inverse for m; and assume that vo pg = p1 o¢p, i.e.,
the right square in the following diagram commutes.

¥

\

o
——Co—— Bo

Po PO
T
T
7L ——= C —— By

LIH 1 J
Y=prop

N 4

Now, for arbitrary b € By we obtain that

idg O@(b): (p1 o W)(bv 0)
= (p1oyopo)(b)
=1 oup(b)

This contradicts that the choice for .

To prove (5). Thanks to the results (3), if for every finitely generated sub-
group there is a finitely generated pure subgroup which contains it, Pontryagin’s
Criterion, we obtain the result. We remain to see the case of that there is a
finitely generated subgroup By such that there are no finitely generated pure
subgroup which contains By. Fix a finite set S which generates By and pure
closure B of By. First we note that for any morphism p: B — C (C is any
Abelian group), since
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e p|B, can be recovered from pg, and
e p can be recovered from pp, this is because that B is torsion free,

p can be recovered from pg. For a canonical projection mg: S X Z — S, enu-
merate all the right-inverse of 7, {g,: S = S X Z;n € w}. Now we construct
a (Bp,Z)-group C,, and a right-inverse p,,: B, — C,, for a canonical morphism
Tn: Cp — By, as following steps, by using the result (4):

1. Leading stage:
1-a Cy = By ® Z.

1-b If there is a right-inverse pg for my such that gy C pp, choose such a
morphism and if otherwise choose arbitrary right-inverse.

2. Successor stages:

2-a Choose a (Bj+1,Z)-group C,+1 which is an extension for C,,, such
that there are no right-inverse of m,y1: Byt1 — Cp41 which is an
extension for p,.

2-b If there is a right-inverse p;,+1 for m, 1 such that g, 11 C pp+1, choose
such a morphism and if otherwise choose arbitrary right-inverse.

To complete the proof, we shall show that that for (B, Z)-group C' the canon-
ical morphism 7: C — B does not possess a right-inverse, if we done we have
a contradiction that B is a Whitehead group. Suppose that there is a right-
inverse p: B — C. Then there is an n € w such that g, C p|s, and moreover
since p|p, is a right-inverse of 7, we obtain that p, = p|p,. However p|p, .,
is a right-inverse of m,; and is an extension of a right-inverse p|g, of m,, a
contradiction.

O

Definition IV.5. Let A be an Abelian group. A is X -free provided that every
countable subgroup is free. A subgroup B is N;-pure provided that the quotient
A/B is X-free. An Ri-free group A has a Chase’s condition provided that

every countable subgroup of A is contained in

(Chase) a countable N;-pure subgroup of A.

Note that the previous lemma shows that every Whitehead group is Ni-free.

Lemma IV.6. A group of size N; has the chase’s condition if and only if A is
a union of a smooth chain (A, ;a € wy) such that 49 = 0 and A, is free and
Aq1 is an Ry-pure subgroup of A.

Proof. First, we show the sufficiently condition. Assume that A satisfies the
chase’s condition. Enumerate {a, ; @ € wi} and define a 4, @ € wy, recursively:

1. Leading stage.
Ag =0,
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2. Successor stages.

Aq+1 be an Nj-pure subgroup which containing A, and a,,

3. limit stages.
A, =U{A,;a e}

Note that the existence of an Ni-pure subgroup is by the chase’s condition.
Second, we show the enough condition but this is immediate that since for
any countable subset B of A there is o € wq such that B C {ag; S € a}. O

From now on, we will demonstrate that the statement “every Whitehead
group of size N; is free” is independent from ZF. First, we will establish the
existence of a model such that every Whitehead group of size X; is free. Specif-
ically, the truth of the statement that the Whitehead group of size ¥N; is free
holds in a model that satisfies the O axiom.

Lemma IV.7. Let (A,;a € wi) be a smooth chain for countable Abelian
groups. Define A = U{4,;a € w1} and F = {a € wy; Aq+1/Aq is not free}.
Then if F is stationary and Qg holds, A is not a Whitehead group.

Proof. Fix a {pg-sequence (D, ;a € E) and bijection v: w; — Z x A. Define
a (Z,Ay)-group C, and the canonical epimorphism f,: C, — A, with Z =
Ker f., a < wi, recursively:

1. Leading stage, 0,
(1-a) Cyp =7 x Ag and f, = po: projection.
2. Successor stages, o + 1,

(2-a) If @ € E and g, = v[D,] is a function with dom(g,) = A, such that
fa O 0o = idAat-
fat1: Cat1 — Any1 is an epimorphism such that Ker(fo4+1) = Z,
(Z, Ay)- group C, and there are no g: Ag+1 — Coy1 such as gla, =
Yo and fa+1 g = idAa.H'

(2-b) Otherwise.
Choose an epimorphism fo+1: Cot1 — Aq41 such with TFDC and
exact:

0 Z c, —I A, 0

| |

0*>Z*>Ca+1M>Aa+1*>O

3. Limit stages, «,

(373) fa = U‘Lfﬂ?ﬂ € O[}, Co = U{Cﬁﬁﬁ € a}-
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For (2-a) we note that since a € F shows that Exty(Aar1/Aa,Z) # 0, so we
can apply 4 in Lemma IV .4.

Now we show that Exty(A,Z) # 0. If there is an epimorphism g: A — C,,
such that f,, og = id4. Since Qg asserts that there is an o € E such that
ga = 9gla,. Then we obtain that f, o g = ida,, (9/a...)la. = gla, and
fa+1°9la.., =1ida,,,. This contrary to that the construction in (2-a) step. [

Theorem IV.8 (Shelah). Assume that Q5 for any stationary subsets E C wy.
Every Whitehead group of size N; is free.

Proof. Let A be a Whitehead group of size 8. At the beginning of the proof,
we shall show that A satisfies the chase condition. Suppose not, since A is an
N;-free, there is a countable Ag < A such that for any B’ if Ay < B there
is A; < A such that A;/Ap is not free. By continuing this processes we can
define a C-increasing sequence (A, ; & € wy) such that A,1/A, is not free and
A = U{A,;a € wi}. Since O, shows that A is not a Whitehead group, a
contradiction.

Fix a smooth chain sequence of countable subgroups (B, C A;« € wy) such
that B,y1 is ag-pure subgroup of B, for any o € wy and A = U{B,;a € w1}.
Define E = {a € wj; Ba+1/Ba is not free}. Note that the previous lemma
shows F is not stationary set. We shall show the equality:

E = {a € w; ; B, is not an N;-pure subgroup of A}

To prove (C). If B, is an ay-pure subgroup of A, A/B, is aj-free. So By41/Ba
is free. To prove (D). If B,11/B, is free. For any 8 3 «, since we have

Bg/Ba+1 = (Bg/Ba)/(Ba+1/Ba)

and A/B,y1 is Ni-free asserts that Bg/Bgay1 is free, so does Bg/B, is free.
Furthermore, B, is not aj-pure subgroup of A. Thus, we obtain the equality.
Since, F is not a stationary set, there is a club set C C wy\ E. We asserts that
for a, 8 € C with a € 8, Bg/B, is free. We distinguish two cases, according
to whether § = a+ 1. If 8 = o+ 1. The statement that Bg/B, is free is
manifestly. If 55 a4+ 1. As we have seen in before, Bg/B, is free. Therefore,
A =U{Bqy;a € wy} is free. O

Second, we shall produce the model that there is a model such that there is
a Whitehead group of size X; but free. To establish a Whitehead group of size
Ny but free, we shall prove the two statement as following:

IV.9 There is an Abelian group of size ¥; with Chase’s condition but free,
IV.10 Every Abelian group with Chase’s condition is Whitehead.

Theorem IV.9. There is an Abelian group of size N; with Chase’s condition
but free,

Proof. We shall construct the desired A as the union for a chain (4, ;a € w)
with following properties:
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. Ao € Any1, for each a € wy,

2. A, is free, for each « € wy,

3. Ag/Aq+1 is free, for each a € § € wy, and
4. A,11/A, is non-free, for each limit vy € w;.

Before to verify that the sooth chain exists, we shall show that the union A
has a chase’s condition but free. To see the chase’s condition, for £ € w; and
countable subset B of A/A¢, there is an A, such that B < A, /A¢ thus, A¢iq
is free. Therefore, Lemma IV.6 A = {A¢11;& € wy} has a chase’s condition. To
see that A is not free, since set w; N Lim is not stationary so by Lemma IV.11
A is not free.

From now on, we shall establish the smooth chain. Fix 4p =0

Successor stages, 8 = a+ 1. We distinguish two cases, according to whether
« is a limit ordinal. (Case A.) If o is not a limit ordinal. Let Ag = A, & Z.
Then it is clearly the chain (A ;& € B+ 1) satisfies the all of these conditions.

(Case B.) If « is a limit ordinal. Fix a strictly increasing sequence (&, ;n €
w) / « and let X, be a base for A¢, such as X,, C X,41. Choose z,, € Xp41\
X, for every n € w and let Y, = Xy \ {zp,;m € k} and B = F(U{Yy; k € w}
be a subgroup of A, and let P = II{(z,)n € w} be a product group.

For set morphism ¢: {z,;n € w} — P,

s [ %xm ifm+13n
" 0 ifmen

we have the following morphism:

{zn;n€ew} —— A, \ B

\ 111
® -

P

Define P’ := ¢(A,\ B) = F({¢(z,) ;n € w}) and note that the set {¢(x,);n €
w} is linearly independent in P and define A,+1 = B&® P'.

To check the four conditions, 2 is clear and 1 is immediate by the fact, we
can identify z,, with (n +1)!- p(xp4+1) —n! - @(x,). To see the condition 3, let
v € a. Fix an n € w such as v+ 1 € £,. Then since we have

AfAe, Z F(U{Yi;k+135n}) @ F({p(zr;k+1>n})

and induction hypothesis assets that A¢, /A1 is free, sois A/A, 4.

To see the condition 4. First we assert that for any n € w we have (n+ 1)!-
©(xn) —@(xo) is a function which assigns only finitely many non-zero value, i.e.,
it can embeds into the direct sum, free module, A,, i.e., (n+1)l-p(z,)—p(zo) =
0+A, in Aq41/A, for every n € w. Note that p(xg) € A, and we shall there are
no finitely many pair of ¢(2,,) + Aq’s (without ¢(xg) + A,) which can presents
<:Q(Z'O) + Aoz
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Suppose there are finitely many pair z; = ¢(x_), i € n and n, € Z, such
that:
(M - 20 + Aa) + -+ (M1 2n—1 + Aa) = ¢(20) + Aa

by multiplying (10)! - (11)! - - (7.—1)!, we have
m - p(z0) + Ao = ¢(T0) + Aq

for some integer m, a contradiction.

Limit stages, 7. Let A, = {As;a € v}. Then the conditions (1) and
(4) are immediate. Fix a sequence ({,;n € w) / . Then we obtain A, =
U{A¢,+15n € w} and Ag(ni1)41/Ag(ny+1 is free for any n € w, then by Theo-
rem II1.6, so is A, ((2) hold! ) and note that A, /A¢ ()41 is free for each n € w.
To see the remaining condition (3). It suffice to see that for any a € v, A, /Aq41
is free. Fix an n € w such that « € £(n) + 1, since we have

Ay [Agmy+1 = (Ay[Aat1)/(Ag(ny+1/Aat1)
we obtain that A,/Aq41 is free. O

After completing the mathematical proof, it is essential to recognize that the
crux of this proof is the case B of the successor step. In this step, to collapse the
property free for the quotient Ag/A,, we use the fact that the direct sum can
embeds to the direct product. Since we can identify x,, with (n+ 1) @(zp41) —
n! - o(x,), the direct sum, free module, F({z, ;n € w}) can embeds into P but
every p(z,) can be.

Theorem IV.10. Assume MA +—- CH. Every Abelian group with Chase’s con-
dition is Whitehead.

Proof. Let A be an Abelian group with Chase’s condition. For any B and
epimorphism f € Hom(B, A) with Ker f = Z. We shall find a right-inverse g
for f.

Define a set
P = {p € Hom(S, B);3S: finitely generated pure subgroup of A f o =idg}

If P satisfies the conditions in Theorem 1.7, there is g € 4B such that for any
finite set F' C A there is a map ¢ € P such that F C dom ¢ and g|r = ¢|F,
this shows that

o (fog)la)=aforallac A, and
e for any a € A and n,m € Z there is ¢ € P which witnesses
g((n+m)-(a+a)) = g((n+m) - (a+a)) = (n+m) - (g(a) + g(a")

Thus, g is a module morphism and clearly that g is a right-inverse for f.
To prove the former condition. Let ¢ € P with dom(P) = S and F € [A]<“.
Since A is Nj-free and by the third isomorphism theorem, there is a finitely
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generated pure subgroup S’ = (SU F) of A such that SUF C S’. Moreover
since S’/S is finitely generated torsion free, so is free. Let X be a set such that
and F(X) = S/S'. Fix aright inverse set morphism f~1: A — B for f and note
that every free group is Whitehead, we obtain a canonical morphism : S’ — B
as following diagram:

i=fo coker ¢
O—>S<:>¢S’k¢5’/5*>0

v TL
X‘ B %
Be—— X
f~ 7 |gromoe

We remain to check that f oy =idg.
Note that the uniqueness property for free group, we have m = f o 1:

J /S’/S

™
@’ TL
S'¢+—B+— X
flsr f 1| gromor

Therefore, we have
fop=flpon'+ ¢ ocokeri)
=i o7 + 7o cokeri
=idg
To prove the latter condition, we shall verify it through the following two steps:

Step—I. For any uncountable P’ C P, if there is a pure subgroup A’ which
is free and dom ¢ C A for any ¢ € P’ then

Hpo, 01} € [P']P3 € P (o Utpy C1h).

Step—II. For any uncountable P’ C P there is uncountable P” C P’ and a
free pure subgroup A’ such that

dom(p) C A’ for any ¢ € P”.

Step—1. Let P’ € [P]“* and assume that there is a pure subgroup A’ of A such
that A’ is free and dom(f) C A’ for any f € P’. Enumerate X = {z,; a0 € w1}
be a base of A’. Since for every ¢ € P’ there is m € w such that there is a
function § € ™w; such that dom(yp) = F(z¢e,);n € m}), Pigeonhole Principle
asserts that there is P” € [P’]“? such that

Ve P'3¢ € Mwy dom(p) = F({zen);n € m})

Enumerate P” = {¢, ;o € w1} and let Y, be a base of dom(yp) for each a € wy.
Fix a maximal subset T' C X, among the subset relation, respect to the
property
A€ [w]|*'Vae A (T CY,)
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Note that there are at most countable many morphisms from F(7T') to Ker f = Z,
(recall that the morphism ¢: F(T') — Z can be recovered from ¢ot), so there are
at most countable many morphisms from F(T) to A. Thus, there is A € [w]“"
such that

e T CY, forall « € A and

® Yolrry = vslpr for all a, 8 € A.

Fix a € A and let y € Y, \ T (assume not empty). The maximality assert
that there are only countably many S € A such that y € Ys3. Hence for
{0, "+ syn—1} = Yo \ T, there are A D A9 D -+ D A,_1 such as each of
them are uncountable and y,, & A,, for m € n.

Therefore, there is § € A such that o # f and Y, NYs =T and ¢: F(Y, U
Ys) — B be the canonical extension. Furthermore, since we have

(A/F(Ya UY3))/(A'/F(Ya UYp)) = AJA!

and A'/F(Y,UY}p) and A/A’ are torsion free, A/F (Y, UY}3) is torsion free, i.e.,
F (Y, UYj) is a pure subgroup of A. Thus, ¢ € P is an extension for ¢, and
P8

Step-II. As we have seen in step-1, let P be uncountable subset such that
|S| = |57] for any S, S’ € P”, and moreover by the Delta system lemma, there
is uncountable P’ C P” and a root T such that

SNS" =T for any distinct S,8’ € P"”

and we may assume that T be a C-maximal among a root and 7" be a pure
subgroup of A. (if necessary take the pure closure.)

Enumerate P = {S, ;a € w1} and define and Y,, be a base for S, \ T for
any a € wi. To conclude the proof, we shall construct the desired A’ as the
union for a smooth chain (A4, € wy) such as

e A, is a countable pure subgroup of A,
o Ayi1/A, is free.

and it is easy to see that A’ is free (see Theorem I11.6) and A’ is a pure subgroup
of A.

Let Ag = T and for limit stages A, = U{Ay;a € v}. We shall see the
successor stages, 8 = o+ 1. Thanks to the chase’s condition fix a countable N;-
pure subgroup C, of A such that A, C C,. We assert that there is £, € w; such
that (Y¢,) N Cy = 0. If otherwise, there is a single element ¢ € C,, which meets
uncountably many (Y¢) with {&. Then the pure closure for (T'U {t}) witness a
contradiction and note that we can choose such as £, 3 7 for any fixed n € w;.
Let Ag D Se, be the pure closure of (A, U{Yg, }). Since (Y, ) NC, = 0 follows
that Ag N Cy = Aq, so by second isomorphism theorem, we obtain:

Ap/An = (An - Co)/Co < A/C,
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and sine C,, is an N;j-pure subgroup, Ag/A, is free.
Therefore, we obtain a free pure subgroup A and uncountable many {¢¢_ ;o €
wn } such that dom ¢, C A. O

Lemma IV.11. Let (A,;a € w;) be a smooth chain of countable Abelian
groups and A = U{A,;a € wi}. For aset E = {y € w; NLim; “ A, is not an
N;-pure subgroup..” }. The following are equivalent:

1. A is free,

2. FE is not a stationary subset of w;.

Proof. At the beginning of the proof, we note that we may assume that Ay = 0.
(1) = (2). Let X be a base for A. We shall define a X, C X and &, € wy,
«a € wi, such as:

o X, C Xpforany a € f € w,
o &, g forany a € f €w, and
o F(X,)= A, for any o € wy.

If we are done, we have a club set {{,;a € w1} such that every A, is an Ni-
pure subgroup (note that A/A, = F(X \ X,) holds). Therefore, to conclude
the proof, we shall define X, and &,, a € wy, recursively.

1. Leading Stage:
° XO = Oa
e {=0.
2. Successor Stages:
We shall define X' and &}, n € w, iteratively:
(a) Leading Stage:
a—i. XY be a countable set with X, C X2 and
a-ii. £} be an ordinal such that F(X7) C Ag.
(b) Successor Stages:
b-i. Agn C F(X7T), and
bil. F(XJHY) C Agnsr).
Let Xop1 = U{X];n € w} and Apq1 = U{Aen ;n € w}.
3. Limit Stages:
o X, = U{Xa;a € 7}7
o & =U{&a et

(2) = (1). Let (&n; € w1) / wq be a sequence such that &, = U{&y;a € v}
for any limit v and who does not meet E. For every o € w, since Ag, is Ni-
pure, we have A¢ . /Ae, is free. Therefore, A = U{A¢, ;a € w1} is free by
Theorem IIL.6. O
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